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Abstract
This paper studies two different modeling strategies for captur-
ing the time-variant behavior of multiple-input multiple-output
wireless channels. The first method generates a multi-variate
random description of the channel matrix based on the mea-
sured space-time covariance. The second method describes
the physical variation of the multipath propagation components
with time. Information theoretic metrics are used to compare
the performance of the models to measured data.

1 Introduction

The performance benefits of using multiple antennas for com-
municating over multipath propagation channels have been
well-documented in the literature. However, the effectiveness
of this multiple-input multiple-output (MIMO) communica-
tion technology is highly dependent on the availability of high
quality channel state information (CSI) at the communicating
nodes. In practice, CSI is obtained by periodic transmission of
known training data from which the receiver may estimate the
channel transfer matrix. However, when the nodes are highly
mobile, this training must be frequently repeated, exhausting
the available transmission bandwidth and therefore resulting in
low effective channel capacities.

These observations suggest that accurate MIMO performance
prediction requires an accurate representation of the channel
temporal variation as well as the commonly studied spatial
characteristics. While the understanding regarding true time-
variant channel behavior must be obtained from experimen-
tal measurements or detailed electromagnetic simulations, such
understanding only becomes useful when it is properly repre-
sented in models that can be used in performance simulations
of the radio system.

This paper presents two approaches for modeling time-variant
MIMO channels. Each strategy is based on measurements of
indoor and outdoor MIMO channels at 2.55 and 5.2 GHz. The
first method is based on generating multivariate complex nor-
mal matrices which possess the correct space-time statistics.
These statistics are first obtained by obtaining a parameterized

approximation to the function describing the space-time corre-
lation of the channel coefficients from the measured data. This
function is then used to computationally create complex normal
matrices with the correct covariance structure. For the second
method, a time varying model for the double-directional chan-
nel angular power spectrum is generated from the measured
data. This spectrum is then represented as a set of clusters,
with each cluster consisting of multiple plane waves or rays.
This description allows stochastic generation of time-varying
channels whose physical multipath structure matches that ob-
tained from the measured data.

Once synthetic time-variant channels have been created, it is es-
sential to test the fidelity with which they reproduce the charac-
teristics of the actual (experimentally-measured) MIMO chan-
nel. Performing such a comparison requires the development
of quantitative measures which capture the channel properties.
In this work, information theoretic metrics which approximate
the loss in capacity as a function of outdated CSI are used for
this comparison [10]. Applying these metrics to both the mea-
sured and modelled channels shows that both proposed models
provide a good physical representation of the actual channel
temporal variation.

2 MIMO Channel Models
Our goal is to explore the extension of conventional MIMO
channel modeling techniques to time-varying channels by ex-
tracting model parameters from measured data [10] and using
information theoretic metrics derived in [10] to determine if the
models capture the correct channel behavior. Although many
models exist, we focus on (1) a random matrix model following
the multivariate complex normal (MVCN) distribution and (2)
a physical time-variant clustering (TVC) model. The MVCN
model parameters can be directly estimated from collected data,
but can be difficult to interpret physically. In contrast, the TVC
model exhibits a compelling physical interpretation, although
unique extraction of cluster parameters can be difficult.

2.1 MVCN Model
We represent the complex gain from the jth transmitter to the
ith receiver at time index n for a single frequency bin as H(n)

ij .
If these gains follow a (possibly time-dependent) MVCN dis-



tribution in both time and space, the spatio-temporal variation
of the MIMO channel is completely characterized by the mul-
tivariate mean (μμμ) and covariance (R), or
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where E {·} is expectation. For a stationary distribution, μμμ and
R are not a function of n and can be obtained with sample
averages. The difficulty of extracting these parameters from
a non-stationary process depends on the severity of the non-
stationarity, and may even be impossible for overspread pro-
cesses [4]. Here, we consider a process characterized by a mean
and covariance that vary slowly in time, allowing estimation by
weighted sample averages, or
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where Z(n)
ij = H

(n)
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(n)
ij , and ws is the weighting window

shifted in (4) to apply a weight of w0 when the points n+s and
n+ s+m are equidistant from the estimation point n.

The choice of the window is a tradeoff between the bias and
variance of the estimator, and optimal windows may be speci-
fied if prior information about the distribution is available [11].
In this work, we apply an exponential window, of the form
ws = exp(−|s/�c|), where �c is the correlation length. If the
process is determined to be nearly stationary over Ns samples,
faithful estimates can be obtained with 4�c = Ns.

2.1.1 Channel Stationarity

Determining the distance over which the channel can be con-
sidered a stationary process is non-trivial. One option is appli-
cation of direct statistical tests for multivariate normality [8]
applied to the channel data stacked into a vector. If either
the data is non-normal or moments are time-variant, the tests
should fail. Thus, Ns can be determined by increasing the size
of the data window until these statistical tests begin to indicate
non-conformance.

Because no single test is robust against all possible alternative
distributions, several tests should be applied to assess normal-
ity [5]. We determine a suitable value for �c by applying three
different tests for multivariate normality: (1) Mardia’s tests for
multivariate skewness and (2) kurtosis [3], and (3) the Henze-
Zirkler test [2] with β = 0.5. One problem of applying these
tests is that MIMO channels are apparently not strictly MVCN
for large numbers of antennas [8]. Although this presents
possible technical difficulties for the MVCN model, assum-
ing MVCN statistics seems to be the only logical and practi-
cal starting point. Since we are mainly interested in testing the
temporal stationarity of the process (whether constant first and
second order statistics represent the data) and not the normality
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Figure 1: Average rejection rates for three multivariate normal
tests for indoor measurements at 2.55 GHz

of the data, we apply the tests to all 2×2 antenna subsets of
the data, rather than the full 8×8 data. Thus, the tests should
indicate for what window size the data is temporally stationary,
even if the full 8×8 spatial distributions are not MVCN.

Figure 1 depicts the average rejection rates for a significance
level of 5% and a varying record length for indoor measure-
ments at 2.55 GHz. The results indicate that over distances of
4−8λ the rejection rates are near the optimal 5%, and we there-
fore let �c = 2λ/Δ, whereΔ is the sample spacing (4�c = Ns).
Applying this test to 5.2 GHz indoor measurements leads to the
same value of �c. For outdoor measurements, application of
these tests results in rejection rates aacceptably close to 5% for
a record length of 8 − 16λ, implying �c = 4λ/Δ for outdoor
measurements.

2.1.2 Synthetic Channel Generation

Once the time-varying mean and covariance have been esti-
mated from the data via (4), we require a way of generating
simulated channels. This can be accomplished by forming the
full space-time covariance matrix and using it to correlate the
elements of i.i.d. complex normal vectors. This approach is
numerically prohibitive, however, since for 8 transmitters and
receivers and 500 time steps, the covariance matrix has di-
mensions 32, 000×32, 000. Another approach involves mod-
eling the channel as the output of an autoregressive filter, with
weights obtained from the block Yule-Walker equations, fed
by spatially and temporally white noise. In practice, however,
large arrays and time windows leads to an ill-conditioned sys-
tem which can not be easily solved.

Perhaps the simplest approach is to assume that the covariance
is separable in the time and space or R(n,m)

ij,k� = R
(n)
S,ij,k�R

(n,m)
T .

Values for the separate space and time covariances are obtained
by averaging the full covariance over all time steps and anten-
nas, respectively. The synthetic channels are generated step-



wise as
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i and j are stacked when used as a covariance index, and A(n)
ij

are i.i.d. complex normal random variables.

To reduce the number of model parameters, an average value
for the temporal correlation is used at each time step, or

R
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where N is the number of time steps considered and R̂(n,m)
T is

the raw estimate of the temporal correlation from the collected
data. We refer to this model with a coherent average of the tem-
poral correlations as MVCN(CE) where CE stands for complex
envelope. On the other hand, the averaging can be performed
incoherently as

R
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N∑
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|R̂(n′,k)
T |, (8)

and this is referred to as MVCN(PE) for power envelope.

Forcing this space-time separability and averaging the temporal
correlation reduce the accuracy of the MVCNmodel. However,
such simplifications seem necessary to arrive at a model which
is reasonable in terms of both computational burden and para-
metric complexity.

2.2 TVC Model
The double-directional channel concept [7] is a powerful tech-
nique for system-independent representation of spatial chan-
nels, and much research effort has been dedicated to extracting
the parameters for individual multipath components from mea-
sured data [1, 6, 7]. Alternatively, we can treat the channel as
an incoherent process described by a double-directional power
spectrum [9]. This method groups multipath components into
clusters of arrivals and departures and estimates only the cluster
parameters.

2.2.1 Cluster Extraction

We first compute the double-directional Bartlett spectrum at
time step n from the data according to [9]

P (n)(Ω) = bH(Ω)R(n)
S b(Ω), (9)

where Ω = (φT , φR), bik(Ω) = ψR,i(φR) ψT,k(φT ) is the
joint steering vector with ψS,i(φS) = exp[j2π(xS,i cosφS +
yS,i sinφS)], i and k become a single stacked index, S is either
T or R for transmit or receive, φS is azimuth angle, and xi

and yi are x and y coordinates of the ith antenna. Given a true
incoherent arrival power spectrum of A(Ω), the covariance is

R =
∫
dΩA(Ω)ΨΨΨ(Ω), (10)

whereΨΨΨ(Ω) = ΨΨΨT (φT ) ⊗ΨΨΨR(φR) (⊗ is the Kronecker prod-
uct) and ΨΨΨS(φS) = ψψψS(φS)ψψψS(φS)H . Decomposing the true
spectrum into basis functions (clusters) Ap(Ω), we have

A(Ω) =
∑

p

apAp(Ω), (11)

and the Bartlett spectrum becomes

P (n)(Ω) = W [A] =
∫
dΩ′A(Ω′)bH(Ω)ΨΨΨ(Ω′)b(Ω) (12)

=
∑

p

apW [Ap]. (13)

The advantages of using the Bartlett spectrum instead of the
covariance are (1) the resulting equations are real, and (2) co-
variance structure representing non-propagating modes is re-
moved. By discretizing all functions of Ω and matching left
and right hand sides at a number of discrete points, we obtain
the matrix equation p = Wa, which can solved via linear pro-
gramming for the positive real basis coefficients ap. In practice,
the linear-programming method returns a fairly sparse solution,
consisting of only a small set of nonzero coefficients, which we
refer to loosely as “clusters.”

In this work, we assume a set of Gaussian-shaped
basis functions (clusters) with possible arrival an-
gles of {0◦, 5◦, 10◦, ..., 355◦} and angular spreads of
{5◦, 10◦, 20◦, 40◦}. The time-variant nature of the clus-
ters is obtained by the following steps:

1. The average Bartlett spectrum is computed for all time
steps in a data record.

2. A set of clusters is estimated from the average Bartlett
spectrum, and the dominant clusters, representing 90% of
the channel power, are retained.

3. The time-variant Bartlett spectrum is computed for each
time step.

4. Using linear programming, best-fit values for ap are es-
timated at each time step for the reduced set of clusters
found in step 2.

Since the full joint double-directional estimation problem re-
sults in a very large coefficient matrix W, we simplify the
method by first estimating one-dimensional clusters for single-
directional transmit and receive to determine which basis func-
tions are significant. Then, only the significant clusters are used
in the joint two-dimensional estimation.
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Figure 2: Example time-average spatial spectrum estimate for
indoor data at 2.55 GHz: (a) measured and (b) modeled Bartlett
spatial spectra and (c) estimated true spectrum

2.2.2 Synthetic Channel Generation

Synthetic channels are generated by assuming L rays per clus-
ter and computing the channel response as

H
(n)
ij = L−1/2

∑
p,�

a(n)1/2
p βp� ψR,i(φR,p�) ψT,j(φT,p�), (14)

where φS,p� ∼ N (φS,p, σ
2
S,p), βp� ∼ CN (0, 1), φS,p and σ2

S,p

are the mean and variance of the departures/arrivals for cluster
p, and N (μ, σ2) and CN (μ, σ2) are the real and complex nor-
mal distributions with mean μ and variance σ2, respectively.
Also, note that ψS depends implicitly on n, since antenna posi-
tion changes in time. Extensions to the model include allowing
a different number of rays (richness) in each cluster, rays that
dynamically appear or disappear in time, a time-variant set of
clusters, etc. For this work, a fixed set of L = 50 rays per
cluster is assumed for each realization of the model. Also, note
that this current model only attempts to fit the channel covari-
ance, and has no provision for including non-fading compo-
nents (channel mean).

2.2.3 Example Application

Figure 2 plots an example of the average double-directional
spectrum estimate for indoor data. In nearly all cases, only a
few (<10) clusters are required to represent the specified 90%
of the time-average power spectrum. Figure 3 depicts the time
variation of the cluster coefficients for the three dominant clus-
ters. Also shown is the amount of residual fractional error in
the fit, which is close to the ideal 10%. A common feature to
nearly all indoor and outdoor data considered is that the same
set of clusters remains important over the complete 4.5 m path,
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Figure 3: Variation of the cluster power coefficients versus
movement distance for indoor data at 2.55 GHz for the dom-
inant three clusters (C1-C3) as well as the fractional error of
the fit
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Figure 4: RMS error in the RCD capacity metric for the TVC
model and MVCN model with power envelope (PE) and com-
plex envelope (CE) temporal correlation

although the overall power can change dramatically over this
distance.

3 Model Comparisons
We now compare the results of applying the TCD and RCD
capacity metrics to the models and measured data. We show
only the results for indoor data at 2.55 GHz, since all other
results lead to similar conclusions.

Figure 4 plots the fractional RMS error in the RCD metric as a
function of distance for indoor data for three different models.
The discrepancy between the MVCN(CE) and MVCN(PE) re-
sults may stem from the fact that the coherent averaging in (7)
will tend to underestimate the temporal correlation if the pro-
cess is not stationary over the entire data window. Figure 5 plots
the fractional RMS error of the TCD metric for the same set of
data. In this case, the MVCN(PE) andMVCN(CE) models give
nearly identical results, so only the results for MVCN(PE) are
plotted.

These results suggest that the MVCN model works well for
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long-term channel variations. This is intuitive, since at large
displacements the temporal statistics are independent and only
the spatial covariance, which is properly represented at each
time step, impacts the results. The failure of the model to ade-
quately match the metrics for short displacements implies that
the separable time-space assumption is rather poor. The good
performance of the TVC model is somewhat remarkable, con-
sidering we only consider a small set of clusters and generate
a fixed set of 50 rays for each cluster. This accuracy suggests
that the random combination of a constant set of rays properly
captures the short-term spatio-temporal covariance.

4 Conclusion
This work introduced two modeling strategies for time-varying
MIMO channels: one based on the multivariate complex nor-
mal distribution and another physical model based on an inco-
herent cluster modeling strategy. The model parameters have
been extracted from experimentally obtained data, and the re-
sulting model performance has been compared to the same data
based on information theoretic metrics. The results show that
both models hold promise for accurate modeling of channel
temporal variation.

References

[1] B. H. Fleury, M. Tschudin, R. Heddergott, D. Dahlhaus,
and K. Ingeman Pedersen, “Channel parameter estimation
in mobile radio environments using the SAGE algorithm,”
IEEE J. Selected Areas Commun., vol. 17, pp. 434–450,
Mar. 1999.

[2] N. Henze and B. Zirkler, “A class of invariant consistent
tests for multivariate normality,” Commun. Statist.-Theor.
Meth., vol. 19, no. 10, pp. 3595–3618, 1990.

[3] K. V. Mardia, J. T. Kent, and J. M. Bibby, Multivariate
analysis. Academic Press, 1979.

[4] G. Matz, A Time-Frequency Calculus for Time-Varying
Systems and Nonstationary Processes with Applications.
PhD thesis, Technische Universität Wien, 2000.

[5] C. J. Mecklin and D. J. Mundfrom, “An appraisal and
bibliography of tests for multivariate normality,” Interna-
tional Statistical Review, vol. 72, pp. 123–138, Apr. 2004.

[6] Q. H. Spencer, B. D. Jeffs, M. A. Jensen, and A. L.
Swindlehurst, “Modeling the statistical time and angle
of arrival characteristics of an indoor multipath channel,”
IEEE J. Selected Areas Commun., vol. 18, pp. 347–360,
Mar. 2000.

[7] M. Steinbauer, A. F. Molisch, and E. Bonek, “The double-
directional radio channel,” IEEE Antennas and Propag.
Mag., vol. 43, pp. 51–63, Aug. 2001.

[8] T. Svantesson and J. W.Wallace, “Tests for assessing mul-
tivariate normality and the covariance structure of MIMO
data,” in Proc. 2003 IEEE Intl. Conf. Acoustics, Speech,
and Signal Processing, vol. 4, (Hong Kong), pp. 656–659,
Apr. 6-10, 2003.
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