Homework 7, Part 1 Key

1. Find the coordinates of each of fao(x) = 2%, fi(x) = z, and fo(z) = 1 with respect to each of

the following bases for Py(R):

(a) By = (:1;2, z, 1)
Solution: We have

fo(z) = 22 +0x+0
fi(z) = 02° 4240
fo(x) = 02%+0x+1,
so the desired coordinates are
1
(f2)B, = |0
0
0
(fue, = (1
0
0
(fo)p, = |0
1
(b) By = (2x -3, 2>+ 1, 22° — 1)
Solution: We have
1 3 2
= —(22— (@) +Z(2
fala) = Z(20-3)+ S+ 1)+ =
2 6 3
file) = Z@e-3)+ @) -5
7 7
1

7

—=(2z-3)+ é(xQ +1)

7
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so the desired coordinates are

1 1
(fQ)BQ = -3
7 2
2
1
(fi)B, = 5| 6
T\_3
-1
1
(f )Bz = = 4
0 A

2. The vectors

(1 0 (0 1 nd—OO
611—0_17612—0073 621—10

form a basis B for the space s[(2,R) of 2 x 2 trace 0 matrices with real entries. We may
extend this basis to a basis B for all of M2(R) by adjoining vector

a=(19).
=7 3

as a vector in sl(2,R) with respect to

(a) Find the coordinates of

B = (e11, e12, ea21).
Solution: Since

v = Te1 — 3e12 + ea1,
the coordinates are given by

(v)p=|-3
1

(b) Find the coordinates of v as a vector in Mo(R) with respect to B= (e11, e12, €21, €1).
Solution: We don’t actually have to use e; to build v, so the coordinates for v with
respect to basis B are
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3. Let V be a finite dimensional vector space over F with basis
B = (v1, v2, ..., V).
Prove the following assertions:

(a) (u+v)p=(u)p+ (v)g for all u, v eV
Solution: Given

U = o1v1 + ...+ a,v,
v = fror+...+ Bpon
ut+v = (ap+B1)vi+...+ (an + Bn)on

so that

(63}
a2
(077}

A
P2

B

a1+ B

(uto)y = OézJ.rﬁz

Oy + ﬁn
a b1

fo%) B2
+1 |

0~ N N/~

Qn Bn

it is clear that
(u+v)p = (u)p+ (v)5.

(b) (Au)p = A(u)p forallu e V, A € F.
Solution: Given

u=o1v; + ...+ apv, and Au = (Aag)vy + ... + (Aay)v,
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so that
a1 )\Oél aq
(e %) Aag %)
(Wp=| . | and M)g=1| . | =X . |,
(a7% Aoy, Qp

it is clear that
(Au)p = A(u)p.

4. For each of the following functions, determine if the function is a linear transformation on
the given spaces (please justify your conclusions):

(a) S:R? =R,

()

Solution: Not a linear transformation. For example, setting

() ()

so that

we have

(b) D : My(R) = R,

o((c )

Solution: Not a linear transformation. For example, let

1 -2 01
X1<_2 4)andX2<0 0)
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so that

Now clearly

D(Xl) =0
D(X3) = 0
D(X1 +X2) = 2

(c) For fixed b € R3, P, : R?® — R3 is defined by projection onto b, that is

Ao =( 5 o

Solution: Py is a linear transformation. Given

(w1 + 22)by + (y1 + y2)b2 + (21 + 22)b3 1
b3 + b3 + b3

(101 + y1b2 + 21b3) + (2201 + y2ba + 22b3) b
b + b3 + b3

x1b1 + y1b2 + Z1b3> <332b1 + yaba + Z2bs>

b? + b3 + b3
= By(v1) + Py(v2).

b1 1 x2
b= b2, vi= w1 ]|, andva= |92
b3 21 29
so that
1 + 9 AT1
v +v2=| Y1+ Y2 and Avy = | A\ip
21 + 2o Az1
we have
v b
nw = (57)r
_ x1b1 + y1b2 + 21b3 b
b3 + b3 + b3
vg - b
Py(v2) = ( = )
2201 + Y202 + 22b3 b
b7 + b3 + b3
v+
e ee) ( )

b3 + b3 + b3
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Similarly,

Az1b1 + Ay1bo + Az103
b2 + b2 + b2 b
1T05103
_ ()\(3}151 + y1bo + 21b3)>
bT + b3 + b3
x1b1 + y1b2 + 21b3
R =y
1T03+03
= ABy(v1).

Thus P, is a linear transformation.



