
Challenge Problem 5 Key

1. Since the bracket on Mn(F) is defined by

[X,Y ] = XY − Y X,

is is clear that

[X,X] = XX −XX

= 0.

2. (a)

[[X,Y ], Z] = [X,Y ]Z − Z[X,Y ]

=

(
1 −1
−1 −1

)(
−1 0
1 1

)
−
(
−1 0
1 1

)(
1 −1
−1 −1

)
=

(
−1 −2
0 1

)
.

(b)

[[U,Z], X] = [Y,Z]X −X[Y, Z]

=

(
1 2
−1 −1

)(
0 1
−1 0

)
−
(

0 1
−1 0

)(
1 2
−1 −1

)
=

(
−1 2
2 1

)
.

(c)

[[Z,X], Y ] = [Z,X]Y − Y [Z,X]

=

(
−1 −2
−2 1

)(
2 1
0 1

)
−
(

2 1
0 1

)(
−1 −2
−2 1

)
=

(
2 0
−2 −2

)
.

(d)

[[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] =

(
−1 −2
0 1

)
+

(
−1 2
2 1

)
+

(
2 0
−2 −2

)
=

(
0 0
0 0

)
3. In general,

[[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = [XY − Y X,Z] + [Y Z − ZY,X] + [ZX −XZ, Y ]

= (XY − Y X)Z − Z(XY − Y X) + (Y Z − ZY )X

−X(Y Z − ZY ) + (ZX −XZ)Y − Y (ZX −XZ)

= XY Z − Y XZ − ZXY + ZY X + Y ZX − ZY X −XY Z

+XZY + ZXY −XZY − Y ZX + Y XZ

= 0.
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