Unit 1, Section 8: Systems of Linear Equations

Introduction to Linear Systems

The equations

gy = L,
2c —y+2z = 2, and
Sw+z+y+2z = 0

have a common feature: each describes a geometric shape that is “linear”. Upon rewriting the first
equation x + %y =1 as y = 3 — 3z, it is clear that this equation in two variables describes the
(two-dimensional) line graphed below:

Using similar reasoning, we rewrite the equation 2x —y+ 2z = 2 as z = 2 — 2z + y, and recognize
this equation in three variables as the equation of a plane (a sort of three-dimensional analogue of
a line), graphed below:

Unfortunately, the equation 3w+ = +y + 2z = 0 is in four variables, thus describes a geometric
shape in four-dimensional space. However, this equation is similar enough to the previous two that
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we can get some feel for its “shape”: the equation describes a “linear” structure in four-dimensional
space, which we refer to as a hyperplane.

Linear equations are intimately tied to both matrices and vector spaces, thus we we will spend
several sections studying them. We begin by defining exactly what we mean by a linear equation.

Definition. A linear equation in the n variables x1, xo, ..., T, is an equation which can be written
in the form
a1x1 4+ asxs + ...+ apx, = b,

where b and each of the coefficients a1, as, ..., and a,, are real or complex numbers.
If b =0, i.e. the equation has form

a1r] + asxy + ... + apxr, = 0;

we say that such a system is homogeneous.

There are a few quick things to note about how we use the definition to test an equation for
linearity:

1. Each variable is “linear” in the sense that it is raised to the first power, and not to any other
power.

2. Each variable must have constant coefficients, and not variable coefficients.

Example. The equation
\/5.%1 -7 = :%2 + T3

is linear in the variables x1, x9, and x3, since it can be rewritten as
V2 — T —x3=1;

note that each variable has a number as its coefficient, and each variable is raised to the first power.

Example. The equations
123+ 22 =0

and
2?4+ =9

each fail to be linear in their variables. The first equation is non-linear in variables x1, x2, and x3
because the coefficient of x1 is the wariable x3. The second equation is non-linear in variables x
and y because each variable appears to the second power.
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An important point to take away from the definition is that a linear equation in n variables has
geometric realization as an n dimensional linear structure.

For example, a linear equation in two variables can be written as ajx; + asxe = b, which is
clearly the equation of a line; a linear equation in three variables has form a;x; + asxs + asxzs = b,
which is the general form for the equation of a plane in three-dimensional space. Linear equations
with more variables simply describe linear structures in higher dimensional space.

Systems of Linear Equations and Their Solutions
Definition. A system of linear equations is a collection of equations in the same variables.

For example,

3r—y = 5
2r4+y = —10
is a system of two equations in the two unknowns x and y.
The general form for a system of m linear equations in n variables =1, zo, ..., T, is
a11x1 + a1222 + ...+ apxy, = by
ao1x1 + a0rs + ...+ aspxr, = by
(1)
Am1T1 + Ama®2 + ... F+ Gy, = by

Definition. A solution to a system of linear equations in n variables is a list of n numbers that,
when substituted for the variables in the equations, make the equations true simultaneously.

We can check that x = —1, y = —8 is a solution to the system
3r—y = b
22 +y = -—10
by substituting x = —1 and y = —8 in the appropriate positions:
3(-1)—(-8)=-3+8=5

and
2(-1)+ (-8) = —-2—-8=-10,

so clearly x = —1, y = —8 make the equations true simultaneously.
A slightly more succinct way to write the solution above is as the ordered pair (—1,—8). In
general, if s1, o, ..., s, are numbers so that

r1 =81, X2 =83, ..., and x, = S,
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is a solution to the system in (1), then we will write this solution as the ordered n-tuple

(317327 o 737L)7

¢

or in “vector” form as

In order to truly understand what a solution to a system of equations means, it is helpful to
return to the geometric reasoning we introduced earlier. Recall that the equations 3x —y = 5 and
2z 41y = —10 each have geometric realization as lines in two-dimensional space. The lines described
by the equations are graphed below:

8

Recall that we called the list (—1, —8) a solution to the system. Geometrically, this means that
the point (—1,—8) satisfies both equations; so (—1, —8) must lie on the line 3z —y = 5, as well
as on the line 2z + y = —10. In other words, the solution is the point of intersection of the two
equations, which is clear from the graph above.

Key Point. A solution to a system of equations is just a description of the points that the graphs
of the equations have in common.
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Example. The system

r+y = 2
r+2y—2z =
3r—2z = 0

has solution z =0, y =2, z =0 (or (0,2,0)).
The graph of each of the equations above is a plane in three-dimensional space, as indicated
below:

5

Notice that the solution (0,2,0) is the unique point which lies on each of the three planes.

Example. Of course, a solution to a system doesn’t have to be a single point. Consider the system
we get by deleting the first equation in the system from the previous example:

z+2y—z = 4
3r—2z = 0

Let’s attempt to describe the form of a solution to this system using geometric reasoning. The
graphs of the equations above are below:
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Notice that, in this case, the graphs intersect in infinitely many points, in particular on the
line graphed in black above. Indeed, the solution to the system can be written as (¢,2 + t,3t), a
parametric description of the line.

Example. There is one more interesting type of behavior that we may observe from a system, as
illustrated by the following example. The graphs of the equations in the system

331—2332 = 4

—%Il +x9 = 5

are both lines, which clearly have the same slope. In other words, the lines are parallel; it is clear
from their graphs below that the lines do not intersect:

=]

Thus it is clear that the system has no solution.

In order to differentiate between systems that can be solved, and systems that can not be solved,
we record the following definition:

Definition. A system is called inconsistent if it has no solution; otherwise, the system is consistent.
Key Point. So far, we have seen three distinct possibilities for the solution to a system of equations:
1. A unique solution (consistent)
2. Infinitely many solutions (also consistent)
3. No solution (inconsistent).

It turns out that these are the only possibilities for the solution set to a system of linear
equations:

Theorem. A system of m linear equations in n unknowns, 0 < m,n < oo, has either no solution,
a unique solution, or infinitely many solutions.
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Proof. Consider the system

a1121 + a1axe + ...+ apxT, = by
ao1x1 + agoo + ... + agpxT, = bo
Am1T1 + Qoo + ... + Gy = bm.

Without loss of generality, we may assume that, for each ¢, there is at least one j so that a;; # 0,
and for each j, there is at least one i so that a;; # 0. Thus each equation has at least one nonzero
term, and each variable appears at least once with nonzero coefficient.

Suppose that the system has at least two solutions, say

/ / /
(s1, S2, ..., Sp) and (s}, S5, ..., Sp,).
In other words,

bi = a;181+aps2+ ...+ aipsy

/ / /
= ;187 + @;28y + ...+ Aips,

foralli, 1 <i<m.
Thus we have

! / !
0 = apusi+apsa+...+ainsy — (8] + aipsy + ...+ ains)y,)

= (51— s8}))ai + (s2 — sh)a; + ... + (s — 8),)ain

for all 7; and since the original solutions are different, there is at least one j so that s; — s; #0.
Now for all 7, 1 <4 < m, and any parameter ¢, we see that

0+b = t((sl —s1)ain + (52 — sy)a + ...+ (55 — 8j)ag ... + (sn — s;)am>

+ (ailsl + a8 + ...+ amsn>

= (t(51 —s)) + Sl)&il‘{‘(t(SQ —sh) + 82)a¢2 + ... +(t(sn — )+ sn)am.

Thus the list
(t(s1 = 1) + 51, t(so— ) + 52, -, Usn — s)) + )

is a solution to the system for all ¢; since s; — 5;- =% 0, the jth coordinate of the solution is a
nonconstant linear function. Thus each solution is unique, so that the system has infinitely many
solutions.
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Solving Systems of Linear Equations

Now that we know what types of solutions we might encounter when faced with a particular
system of equations, we should discuss methods for actually finding these solutions. There are
ad-hoc techniques for solving systems, but the solution method that will work most reliably stems
from an encoding of the system in matrix form. Thus we introduce the idea of the matriz of a
linear system.

The Matrix of a Linear System

Let us briefly recall the definition of am m x n matrix:

Definition. An m x n matrix is an array of mn numbers arranged in m (horizontal) rows and n
(vertical) columns; such a matrix has form

aill ai12 e A1n
asi a9 e a9on,

)
aml am2 ... Amn

where each a;; is a number in the ith row and jth column.

As mentioned above, we will be able to use matrices to solve linear systems; the first step in
doing so is to understand how we can use a linear system to build an appropriate matrix:

Definition. The linear system

a11x1 + a1exo + ... +apxry, = b1
a1 1 + agers + ...+ agpy, = bo
Am1T1 + 22 + ...+ Gy = by
has augmented matriz

aill a19 e QA1n ’ b1

asi as9 e aon, ’ bQ

Aml Am2 -+ Gmn | bm

For example, the system
r1+x0 = 2

1+ 2x9 —x3 =

3%1—%3 =0
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has augmented matrix

The augmented matrix we created above has encoded the data from the linear system; let’s
investigate this concept in more detail. First of all, we should notice that the rows of the augmented
matrix correspond to equations in the system. For example, row 1 corresponds to equation 1:

11 0 | 2
1 2 -1 | 4| = lay+ lag+ 0zg = 2.
30 -1 1] 0

Second, it is important to note that columns of the augmented matrix correspond to coefficients
of a particular variable from the system. For example, the second column of the augmented matrix
encodes the coefficients of xo from the original system:

1 1 0 | 2 1+ lag +0x3 = 2
1 2 -1 | 41 — T+ 2%2 — T3 =
3 0 -1 | 0 3x1+0xo —x3 = O.

e

If we are told that a matrix is the augmented matrix of a system, it is quite simple to recover
the system. For example, suppose that we know that the matrix

(2)

S O =
O = O
—_ o O
NI QO

is the augmented matrix for a system. In order to recover the system, we begin by noting that the
system must consist of 3 equations, one corresponding to each row.
Consider the first row of the augmented matrix:

(1 00 4).

The first three entries of the row correspond to coefficients of the system’s variables, while the last
entry is the constant on the right-hand side of the equation’s equality. Thus equation corresponding
to the first row of the matrix is

x1 + 0xg + Ox3 = 4.

Similarly, the second row
(01 0 3)

of the augmented matrix must correspond to the equation
0x1 + x2 + 0z3 = 3;

the last row
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corresponds to the equation
0z1 4+ 0xg + 23 = %

So the system of equations corresponding to the augmented matrix in (2) is

1+ 0x9+0x3 = 4
Orx14+220+0x3 = 3 (3)
Ox1 4+ 0zo + 23 = %

As mentioned above, the matrix in (2) is really just a convenient way to encode the data from
the system in (3).
Incidentally, this particular system is already solved: clearly

1 =4, xo =3, andxgz%;

indeed, we could have simply looked at the system’s augmented matrix to determine this solution!

Elementary Row Operations

In order to use the matrix of a linear system to solve the system, we will need one more tool, known
as the elementary row operations.

Elementary Row Operations:

e Multiply any row by a non-zero constant

e Interchange any pair of rows

e Add or subtract a constant multiple of one row from another.

The following theorem indicates why we should care about elementary row operations when we
are solving linear systems:

Theorem. Suppose that the augmented matrix M of a linear system M is obtained from the
augmented matrix L of the linear system £ by a finite sequence of elementary row operations on
L. Then M and £ have the same solution set.

Again, it is important to emphasize that these three operations, while apparently changing the
form of a matrix, do not affect the solutions of the corresponding linear system, and thus we can
use these operations to our advantage when we wish to solve a system of equations.

Example. Given the system

T+ xT2 =

= 3 =

xrT =

10
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1. Find the augmented matrix for the system.

2. Apply elementary row operations to the augmented matrix to reduce it to the form of the
matrix in (2),

100 | 4
010 3
001 3

3. Use the reduction to solve the system.

1. The augmented matrix for the system is quite easy to build-recall that each row of the system
corresponds to a row of the matrix, whose entries are the coefficients of the variables. Thus

the system
r3 = %
r1+x9 = 7
ry = 4
has augmented equation
0011 3
110 | 7
1 00| 4

2. In order to reduce the matrix above to the form

100 | 4
0103
0011 3

let’s begin by noting that the last row of

looks just like the desired first row; we can use the second elementary row operation, switching
rows, to start the reduction:

el )
o~ o
o o
e I

1|
0|
0|

1 00
switch rows 1 and } 1 1 0 |
00 1 |

e )
O = O
B =T 0ol
[SIEEN JETN

Now we see that the first and third rows have the right form, but row 2 is off. However, if we
use the third elementary row operation and subtract row 1 from row 2, we will move closer
to the desired form:

11
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100 | 4 1 0 0o | 4
1 10 [ 7] wwzeowyg [1=1 1-0 0-0 | 7—4
0011 3 0 0 1 | 4

100 | 4

= 010 | 3

001/ 3

Notice that we have now reduced our original matrix to the one desired.

. Above, I claimed that applying elementary row operations to a matrix does not change the

solutions to the corresponding linear system; we’ve already seen that the matrix

100 | 4
010 3
001 1

implies solution
1

x1 =4, xo =3, and x3 = 3.
Since we got to this matrix from the original one via elementary row operations, their systems
should share solutions:
(4,3,3)
must be a solution to the system
r3 =

T+ xT2 =

i B T

rT =

Let’s verify the solution: clearly 1 = 4 and x3 = % are correct, so we only need to check
the second row of the equation, x1 + z9 = 7. We’ve claimed that x1 = 4 and x5 = 3, so the
second row does indeed check out, and

(4,3, 3)

is a solution to the system.

The example above should give us some motivation as to how we will go about solving linear
systems; the general procedure is as follows:

1.
2.

Write the system’s augmented equation.

Use elementary row operations to rewrite the augmented matrix in a simpler form (i.e., one
whose solutions are easy to find).

. Since elementary row operations do not alter solutions, the solutions found above are also

solutions to the original system.

The only tricky part about solving a system is the second step—determining a form for the
augmented matrix whose solutions are easy to find. We will focus on this step in the next section.
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