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Abstract

The stable homotopy groups of a G-spectrum are Mackey functors. Moreover, in

2004, Morten Brun showed that the zeroeth stable homotopy group of a commutative

G-ring spectrum is a Mackey functor with added structure. More specifically, it is a

Tambara functor. Thus, for G the cyclic group of prime power order, we endow the

category of G-Mackey functors with a equivariant symmetric monoidal structure such

that G-Tambara functors are the equivariant commutative monoids. This equivariant

structure relies on the construction of symmetric monoidal norm functors from the

category of H-Mackey functors to the category of G-Mackey functors for all subgroups

H of G, and we devote most of Chapter 2 to defining these functors. We focus on the

elegant and concrete nature of this new equivariant structure and provide numerous

examples. We end by discussing some results on Tambara functors that follow directly

from the computability of these norm functors.
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Chapter 1

Introduction

In algebraic topology we would often like generalized cohomology theories to remem-

ber the symmetries of a given topological space X. Thus, we equip X with an action

of some finite group G and extend the definition of a generalized cohomology theory

to an RO(G)-graded cohomology theory so that it reflects the group action. Just as a

generalized cohomology theory can be represented by a spectrum, an RO(G)-graded

cohomology theory can be represented by a G-spectrum, which is a spectrum appro-

priately endowed with an action of G. Therefore, many topologists have passed from

studying topological spaces to studying G-spectra and hence developed the field of

equivariant stable homotopy theory. For good references on this subject refer to [8],

[10], and [3].

A large part of equivariant stable homotopy theory involves the study of the ho-

motopy groups of G-spectra. However, the equivariant stable analogues of homotopy

groups are more than just groups. Letting Sk be the kth sphere spectrum and [Sk, X]

denote the set of homotopy classes of maps Sk → X, if X is a spectrum (with no
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group action) then for all k in Z we define the kth homotopy group of X by

πk(X) = [Sk, X].

Thus, we might guess that if we endow X with a G-action then we should define the

kth stable homotopy group of X by

πk(X) = [Sk, X]G

where now [Sk, X]G is the set of homotopy classes of G-equivariant maps Sk → X.

However, this definition does not suffice because we require that the stable homotopy

groups of a G-spectrum not only remember G-action information, but also record in-

formation about the action of all subgroups of G. Therefore, as described in Chapters

6 of [14] and 12 of [10], if X is a G-spectrum then to define the kth stable homotopy

group of X we must first consider

πHk (X) = [Sk ∧ (G/H)+, X]G

for every subgroup H of G. Then as H varies these abelian groups fit together to form

a G-Mackey functor , denoted πk(X), and we define the kth stable homotopy group

of X to be this Mackey functor.

Moreover, a commutative G-ring spectrum is a G-spectrum with extra structure in

the form of a commutative multiplication, and the zeroeth stable homotopy group of

a commutative G-ring spectrum has extra structure as well. In fact, it has even more

structure than one might initially expect. The collection ofG-Mackey functors forms a
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category, and this category has a symmetric monoidal product called the box product

and denoted @. A unital commutative monoid under the box product is called a G-

Green functor , and so we might surmise that if X is a commutative G-ring spectrum

then π0(X) is a commutative G-Green functor. While this statement is not altogether

false, it is incomplete since it does not describe the entirety of the structure of π0(X).

In fact, in 2004 Morten Brun proved that the zeroeth stable homotopy group of a

commutative G-ring spectrum is a G-Tambara functor [1]. Thus, Brun proved that

π0(X) is a commutative G-Green functor with the extra structure of multiplicative

transfer maps called norm maps.

It would therefore be beneficial to develop an equivariant symmetric monoidal

structure on the category of Mackey functors that is reminiscent of the box product

but such that Tambara functors become the equivariant commutative ring objects.

Such a structure is called a G-symmetric monoidal structure, and the commutative

ring objects are called G-commutative monoids [4]. We define this structure in terms

of tensoring over finite G-sets. In particular, if we let S etFinG be the category of

finite G-sets and MackG be the category of G-Mackey functors then, in essence, a

G-symmetric monoidal structure is a map

(−)⊗ (−) : S etFinG ×MackG →MackG.

Then a given Mackey functor M is a G-commutative monoid if the map

(−)⊗M : S etFinG →MackG
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extends to a functor. More specifically, the Mackey functor M is a G-commutative

monoid if a map X → Y of finite G-sets induces a map X ⊗ M → Y ⊗ M of

Mackey functors. We refer to Section 2.1 of this thesis for complete definitions of a

G-symmetric monoidal structure and a G-commutative monoid.

Let G be Cpn , the cyclic group of prime power order. The goal of this thesis is

to endow the category of G-Mackey functors with a G-symmetric monoidal structure

such that a given Mackey functor is a G-commutative monoid if and only if it has the

structure of a Tambara functor. The G-symmetric monoidal structure that we create

relies heavily on the construction of symmetric monoidal norm functors that build a

G-Mackey functor from an H-Mackey functor for all subgroups H in G. Thus, most

of this thesis consists of proving the following theorems.

Theorem. There exist strong symmetric monoidal functors

NG
H :MackH →MackG

for all subgroups H of G.

Theorem. For all subgroups H < K < G the functor NG
H is isomorphic to the

composition of functors NG
KN

K
H .

We then define the map (−)⊗ (−) by

G/H ⊗M = NG
H i
∗
HM for all subgroups H of G and

(X q Y )⊗M = (X ⊗M) @ (Y ⊗M) for all finite G-sets X and Y



5

where the functor i∗H :MackG →MackH is the restriction functor.

The category of G-Mackey functors already supports a G-symmetric monoidal

structure [4]. However, this structure is difficult to unravel. Indeed, its definition

requires the passage to G-spectra! Moreover, we have been unable to identify all

Tambara functors as the G-commutative monoids under this structure. Therefore,

there are two advantages of the new construction presented in this thesis. First, it is

concrete and computable. In particular, we will define the norm functors (and thus

a new G-symmetric monoidal structure) without passing to G-spectra. Instead, we

will explicitly describe the functors using the algebraic and categorical properties of

Mackey functors.

Finally, in Section 2.3.1 we prove the result given below.

Theorem. Under this new G-symmetric monoidal structure a Mackey functor is a

G-commutative monoid if and only if it has the extra structure of a Tambara functor.

In the remaining sections of Chapter 1 we provide definitions and examples of

G-Mackey functors, G-Green functors and G-Tambara functors for any finite abelian

group G. We also describe the box product for Cpn-Mackey functors and Tambara

functors. We build the new Cpn-symmetric monoidal structure on the category of

Cpn-Mackey functors in Chapter 2, and we devote Section 2.2 to manufacturing the

norm functors. We end by discussing two interesting consequences of this equivariant

symmetric monoidal structure. First, the norm functors will provide fun constructions

of Tambara functors, and we also describe how to use the norm functors to endow a



6

commutative Green functor with more than one Tambara functor structure.

1.1 Mackey Functors

We give the definition of a Mackey functor that is due to Dress [2]. Let G be a finite

abelian group, and let S etFinG be the category of finite G-sets.

Definition 1.1.1. A G-Mackey functor M (or just Mackey functor when the group

is clear) consists of a pair of functors (M∗,M
∗) from S etFinG to the category of abelian

groups such that

• M∗(X) = M∗(X) for all X in S etFinG . We denote this common value by M(X).

• M takes a disjoint union of finite G-sets to a direct sum of abelian groups.

• M∗ is covariant and M∗ is contravariant.

• Together, M∗ and M∗ take a pullback diagram in S etFinG

X
f //

g
��

Y

h
��

W
k
// Z

to the following commutative diagram of abelian groups.

M(X)
M∗(f) //M(Y )

M(W )

M∗(g)

OO

M∗(k)
//M(Z)

M∗(h)

OO
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Given a map f : X → Y of finite G-sets we call M∗(f) a restriction map and

M∗(f) a transfer map.

We can develop a more concrete definition of a Mackey functor because any finite

G-set can be written as the disjoint union of orbits G/H. Thus, we can completely

understand a Mackey functor once we determine M(G/H) for all orbits and the

restriction and transfer maps induced from maps between orbits. Since G is abelian

a map f : G/K → G/H in S etFinG only exists if K is a subgroup of H, and if

K is a proper subgroup of H then we define any map f : G/K → G/H via the

composition G/K
φ−→ G/K

π−→ G/H where π is the canonical quotient map and φ

is an automorphism of G/K. Letting WG(K) be the Weyl group NG(K)/K, distinct

automorphisms of G/K are given by multiplication by γ for some γ in WG(K). It

follows that for all subgroups K and H of G, all maps G/K → G/H are Weyl

conjugate to the map π, and we only need to determine the transfer and restriction

maps induced from π. We denote M∗(π) by trHK and M∗(π) by resHK . Further, if K ′ <

K < H then the composition of quotient maps G/K ′
π−→ G/K

π−→ G/H must equal

the quotient map G/K ′
π−→ G/H, and thus trHK′ = trHKtr

K
K′ and resHK′ = resKK′res

H
K .

Moreover, for all subgroups H of G the automorphisms of G/H induce an action

of WG(H) on M(G/H), and since the quotient map π : G/K → G/H is a G-map the

maps trHK : M(G/K) → M(G/H) and resHK : M(G/H) → M(G/K) must be Weyl

equivariant. Similarly, let γ· denote the automorphism of G/H given by the element
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γ in WG(H). The commutativity of the diagram

G/H

γ·
��

π // G/G

id
��

G/H
π // G/G

requires that every transfer map trGH : M(G/H) → M(G/G) factor through the

WG(H)-action, and the codomain of every restriction map resGH consist of the WG(H)-

fixed points of M(G/H). More specifically,

trGH(γ · x) = trGH(x) and resGH(x) = γ · resGH(x)

for all γ in WG(H).

Finally, the pullback requirement of Definition 1.1.1 forces the Weyl action to

maintain additional structure. Every pullback diagram of orbits is of the form

G/H ×G/H
p

��

p // G/H

��
G/H // G/G

but we can rewrite G/H ×G/H as the disjoint union

∐
γ∈WG(H)

(G/H)γ

of |WG(H)|-many copies of G/H. Under this identification one projection map p

simply becomes the fold map O. However, the other becomes the fold map twisted by

the WG(H)-action, which we denote by Oγ, and thus, the pullback diagram becomes

∐
γ∈WG(H)

(G/H)γ

Oγ
��

O // G/H

��
G/H // G/G
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This diagram results in the following commutative diagram of abelian groups.

⊕
γ∈WG(H)

M(G/H) O //M(G/H)

M(G/H)

∆γ

OO

trGH

//M(G/H)

resGH

OO

The map O remains the fold map, and the map ∆γ is the WG(H)-twisted diagonal

map given by m 7→
⊕

γ∈WG(H) γ ·m. It follows that

resGHtr
G
H(x) =

∑
γ∈WG(H)

γ · x

for all x in M(G/H) and subgroups H of G.

We can now give a more constructive yet equivalent definition of a Mackey functor.

Definition 1.1.2. A Mackey functor M consists of a collection of abelian groups

M(G/H) along with transfer maps trHK : M(G/K)→M(G/H) and restriction maps

resHK : M(G/H) → M(G/K) for all subgroups K < H ≤ G such that the following

relations hold.

1. If K ′ < K < H then trHK′ = trHKtr
K
K′ and resHK′ = resKK′res

H
K .

2. If K < H ≤ G then there is an action of WH(K) on M(G/K) such that

• trHK(γ · x) = trHK(x) for all x in M(G/K) and γ in WH(K),

• γ · resHK(x) = resHK(x) for all x in M(G/H) and γ in WH(K), and

• for all subgroups K and K ′ in H

resHK′tr
H
K(X) =

∑
γ∈WH(K′)

γ · trK′K′∩K(x)
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for all x in M(G/(K ′ ∩K)). In particular, if K = K ′ then

resHKtr
H
K(x) =

∑
γ∈WH(K)

γ · x

for all x in M(G/K).

Additionally, we will describe a Mackey functor via a Mackey functor diagram.

For example, a C8-Mackey functor is pictured in Figure 1.1 where C8 is the cyclic

group of order 8. We do not include the Weyl action in these diagrams.

M(C8/C8)

res
C8
C4 %%
M(C8/C4)

res
C4
C2 %%

tr
C8
C4

ee

M(C8/C2)

res
C2
e

%%

tr
C4
C2

ee

M(C8/e)

tr
C2
e

ee

Figure 1.1: A C8-Mackey Functor

Remark 1.1.1. Definition 1.1.1 will hold for any finite group G, and if G is non-

abelian then we can create a definition similar to Definition 1.1.2 for a G-Mackey

functor. However, when the group is non-abelian a map G/K → G/H exists when

K is subconjugate to H and resGHtr
G
H(x) becomes a much more complicated sum over

double cosets (see [16]).
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1.1.1 Examples

Example 1.1.2. Fixed Point Mackey Functors. The most basic type of Mackey

functor is the fixed point Mackey functor. Let D be a group equipped with an action

of G. We will denote the fixed point Mackey functor of D by D, and for all subgroups

G of K we define D(G/H) by

D(G/H) = DH

= {d ∈ D|h · d = d for all h ∈ H}

= The subgroup of H-fixed points in D.

For all subgroups K of H, the restriction map resHK : DH → DK is simply inclusion

of fixed points, and we define the transfer map trHK : DK → DH by

trHK(d) =
∑

γ∈WH(K)

γ · d.

The most common fixed point Mackey functor is the constant Mackey functor Z.

Consider Z as a group with trivial G-action. Then Z(G/H) = Z for all subgroups H

in G, every restriction map is the identity, and for all x in Z(G/K), trHK(x) = |H/K|x

whenever K is a subgroup of H. We give the Mackey functor diagram for the Cp2-
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Constant Mackey functor below.

Z(Cp2/Cp2) = Z

res
C
p2

Cp
=id

��
Z(Cp2/Cp) = Z

tr
C
p2

Cp
=(×p)

__

res
Cp
e =id

��
Z(Cp2/e) = Z

tr
Cp
e =(×p)

__

We can also construct the fixed point C2-Mackey functor of Z{C2}, the free abelian

group on the set of elements of C2. This group consists of elements of the form

a + bγ where γ is the non-zero element of C2, and C2 acts by γ · (a + bγ) = b + aγ.

Moreover, an element is fixed by C2 if and only if it is of the form a + aγ. Thus,

Z{C2}(C2/e) = Z{C2}, and Z{C2}(C2/C2) consists of a copy of Z generated by

1 + γ, denoted Z{1 + γ}. Then

resC2
e (a) = a+ aγ

and

trC2
e (a+ bγ) =

∑
γ∈C2

γ · (a+ bγ) = (a+ b) + (a+ b)γ.
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We can describe Z{C2} using the Mackey functor diagram shown below.

a_

��

Z{C2}(C2/C2) = Z{1 + γ}

res
C2
e

!!

(a+ b) + (a+ b)γ

a+ aγ Z{C2}(C2/e) = Z{C2}

tr
C2
e

``

a+ bγ
_

OO

Example 1.1.3. The Burnside Mackey functor, A. The Burnside Mackey functor is

the most important Mackey functor. Not only is every Mackey functor a module over

A, but also if S0 is the sphere spectrum then π0(S0) = A [14].

For all subgroups H of G we define A(G/H) to be the Grothendieck group on

Fin(H), the set of isomorphism classes of finite H-sets, and thus,

A(G/H) = Z{Fin(H)}/[XqY ]=[X]+[Y ].

Further, for all subgroups K of H the transfer map trHK : A(G/K) → A(G/H) is

given by trHK([Y ]) = [H×K Y ] and resHK : A(G/H)→ A(G/K) by resHK([X]) = [i∗KX]

where i∗K : S etFinH → S etFinK is the restriction functor that sends an H-set to its

underlying K-set. The Weyl action is trivial.

More specifically, we will construct a Mackey functor diagram for the Cp-Burnside

Mackey functor. Because there are only two Cp-orbits, Cp/Cp and Cp/e, we only

need to determine A(Cp/e), A(Cp/Cp), tr
Cp
e : A(Cp/e) → A(Cp/Cp) and res

Cp
e :

A(Cp/Cp) → A(Cp/e). When H is the trivial subgroup Fin(H) consists only of the
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isomorphism class of the single point set [e/e]. Hence,

A(Cp/e) = Z{[e/e]} = Z.

There are two isomorphism classes of finite Cp-sets, [Cp/Cp] and [Cp/e], and so

A(Cp/Cp) = Z{[Cp/Cp]} ⊕ Z{[Cp/e]} = Z⊕ Z.

Then

trCpe ([e/e]) = [Cp ×e e/e] = [Cp/e] = (0, 1),

resCpe ([Cp/Cp]) = [e/e] = 1, and

resCpe ([Cp/e]) = [e/eq · · · q e/e︸ ︷︷ ︸
p times

] = p[e/e] = p.

We now give the Cp-Burnside Mackey functor diagram.

(1, 0)
_

��

(0, 1)
_

��

Z⊕ Z

res
Cp
e

##

(0, 1)

1 p Z

tr
Cp
e

bb

1
_

OO

1.2 The Category of G-Mackey Functors

Let MackG be the category of G-Mackey functors. A morphism φ : M → L in

MackG consists of a collection of group homomorphisms φH : M(G/H) → L(G/H)

for all subgroups H of G such that each φH is WG(H)-equivariant and whenever K is

a subgroup of H resHKφH = φKres
H
K and trHKφK = φHtr

H
K . We can visualize φ using
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the Mackey functor diagrams of M and L. For example, if M and L are Cp-Mackey

functors then we can describe φ with the following diagram.

M(Cp/Cp)

res
Cp
e

!!

φCp // L(Cp/Cp)

res
Cp
e

!!
M(Cp/e)

tr
Cp
e

aa

φe // L(Cp/e)

tr
Cp
e

aa

1.2.1 The Box Product

The category of G-Mackey functors has a symmetric monoidal product called the

box product and denoted @. Given any finite group G we can define the box product

of MackG in terms of a double coend or left Kan extension [11]. However, we will

provide a detailed description of Gaunce Lewis’ constructive definition for Cpn-Mackey

functors [6]. More specifically, given Cpn-Mackey functors M and L, we will build a

Mackey functor diagram for M @ L.

The box product is the Mackey functor analogue of the tensor product, and so we

might hope that (M@L)(G/H) is simply M(G/H)⊗L(G/H), but alas this definition

does not support the transfer map. Thus, instead, we need Definition 1.2.1.

Definition 1.2.1. Given Cpn-Mackey functors M and L we inductively define M @L

as follows. For all subgroups H of G define

(M @ L)(G/H) :=
(
M(G/H)⊗ L(G/H)⊕ (M @ L)(G/K)/WH(K)

)
/FR.
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1. The subgroup K is the maximal subgroup of H, and the transfer map trHK is

the quotient map onto the (M @ L)(G/K)/WH(K) summand. We will refer to

(M @ L)(G/K)/WH(K) as Im(trHK) and an element in this summand as trHK(x).

2. The submodule FR is called the Frobenius reciprocity submodule and is gener-

ated by elements of the form

a⊗ trHK′(b)− trHKtrKK′(resHK′(a)⊗ b)

and

trHK′(c)⊗ d− trHKtrKK′(c⊗ resHK′(d))

for all subgroups K ′ of H, and all elements a in M(G/H), b in L(G/K ′), c in

M(G/K ′), and d in L(G/H).

3. The Weyl action is given by γ · (a⊗ b) = γa⊗ γb for all γ in WG(H).

4. We define the restriction map resHK : (M @ L)(G/H) → (M @ L)(G/K) by

resHK(a)⊗ resHK(b) for a⊗ b in M(G/H)⊗ L(G/H) and

resHK(trHK(x)) =
∑

γ∈WH(K)

γ · trHK(x)

for all trHK(x) in Im(trHK).

Example 1.2.1. Let M and L be C4-Mackey functors. We display the Mackey

functor M @ L in Figure 1.2.
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[
M(C4/C4)⊗ L(C4/C4)⊕

Im(tr
C4
C2

)︷ ︸︸ ︷
(M @ L)(C4/C2)/WC4

(C2)

]
/FR

res
C4
C2

��[
M(C4/C2)⊗ L(C4/C2)⊕

Im(tr
C2
e )︷ ︸︸ ︷

(M(C4/e)⊗ L(C4/e))/C2

]
/FR

res
C2
e

  

tr
C4
C2

]]

M(C4/e)⊗ L(C4/e)

tr
C2
e

__

Figure 1.2: The Box Product of C4-Mackey Functors

Remark 1.2.2. We can extend this definition of the box product to an i-fold box

product of Cpn-Mackey functors by defining

(M1 @M2 @ . . . @M i)(G/H) =
(
M1(G/H)⊗ · · · ⊗M i(G/H)⊕ Im(trHK)

)
/FR.

The submodule Im(trHK) = (M1 @ · · · @ M i)(G/K)/WH(K) where K is the maximal

subgroup of H, and the Frobenius reciprocity submodule is generated by elements of

the form

m1 ⊗m2 ⊗ · · · ⊗ trHK′(b)j ⊗ · · · ⊗mi−

trHKtr
K
K′(res

H
K′(m1)⊗ resHK′(m2)⊗ · · · ⊗ bj ⊗ · · · ⊗ resHK′(mi))

for all 1 ≤ j ≤ i.

Remark 1.2.3. A map of Mackey functors ψ : M @ L → P determines and is
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determined by a collection of group homomorphisms

θH : M(G/H)⊗ L(G/H)→ P (G/H)

for all subgroups H of G such that the diagrams below commute whenever K is a

subgroup of H [11].

M(G/H)⊗ L(G/H)

resHK⊗res
H
K

��

θH // P (G/H)

resHK

��
M(G/K)⊗ L(G/K)

θK // P (G/K)

M(G/H)⊗ L(G/H)
θH // P (G/H)

M(G/K)⊗ L(G/H)

trHK⊗id
44

id⊗resHK **
M(G/K)⊗ L(G/K)

θK // P (G/K)

trHK

OO

M(G/H)⊗ L(G/H)
θH // P (G/H)

M(G/H)⊗ L(G/K)

id⊗trHK
44

resHK⊗id **
M(G/K)⊗ L(G/K)

θK // P (G/K)

trHK

OO

Furthermore, a map Ψ : M1 @M2 @ . . . @M i → P determines and is determined

by a collection of maps

ΘH : M1(G/H)⊗M2(G/H)⊗ · · · ⊗M i(G/H)→ P (G/H)

for all subgroupsH ofG such that the i-fold analogues of the above diagrams commute

whenever K is a subgroup of H.

1.3 Green Functors

The unit for the box product is the Burnside Mackey functor, and thus (MackG,@, A)

forms a symmetric monoidal category. The monoidal objects are G-Green functors .
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We will provide two definitions of Green functors. The first is the category theoretic

definition given by Lewis in [7]. The second is a constructive definition similar to Def-

inition 1.1.2 of a Mackey functor. Ventura shows that these definitions are equivalent

in [15].

Definition 1.3.1. A G-Green functor R (or just Green functor when the group is

clear) is a G-Mackey functor together with maps m : R @ R → R and 1R : A → R

such that the diagrams below commute.

R @R @R
id@m //

m@id
��

R @R

m

��
R @R

m // R

A @R
1R@id

//

∼=
$$

R @R A @R
id@1Roo

∼=
zz

R

Furthermore, a Green functor R is commutative if the diagram below commutes

where the map τ permutes the coordinates of R @R.

R @R
τ //

m
��

R @R

m
��

R

Definition 1.3.2. A Mackey functor R is a Green functor if

• R(G/H) is a ring for all orbits G/H,

• all restriction maps resHK : R(G/H) → R(G/K) are (unit-preserving) ring

homomorphisms, and

• R satisfies Frobenius reciprocity : If K is a subgroup of H then

trHK(a) · b = trHK(a · resHK(b))
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for all a in R(G/K) and b in R(G/H)

Moreover, a Green functor R is commutative if every R(G/H) is a commutative

ring.

As with Mackey functors, we will often visualize a Green functor diagrammati-

cally. A morphism φ : M → L of Mackey functors is a morphism of Green functors

if all group homomorphisms φH : M(G/H) → L(G/H) are (unit-preserving) ring

homomorphisms.

1.3.1 Examples

Example 1.3.1. A fixed point Mackey functor D will extend to a fixed point Green

functor if we can endow the group D with a ring structure that is compatible with

the G-action. In particular we require that γ · (ab) = (γa) · (γb) and γ1 = 1 for all

γ in G and a and b in D. For example, the constant Mackey functor Z inherits the

structure of a Green functor. However, Z{C2} does not. We can endow Z{C2} with

a ring structure by letting (a + bγ)(c + dγ) equal (ac + bd) + (ad + bc)γ, but this

multiplication is not compatible with the C2-action.

Example 1.3.2. The Burnside Mackey functor naturally extends to a Green functor.

We can define A(G/H) to be the Grothendieck ring on Fin(H). Hence, if [X] and [Y ]

are isomorphism classes of finite H-sets then [X][Y ] = [X×Y ], and the multiplicative

unit is the isomorphism class of the single point set [H/H]. Further, the restriction

maps are ring homomorphisms because i∗K is a forgetful functor for all subgroups K,
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and thus preserves products. Frobenius reciprocity is satisfied because

[(H ×K X)× Y ] = [H ×K (X × i∗KY )].

Indeed, an isomorphism H ×K (X × i∗KY )→ (H ×K X)× Y is given by

(h, x, y) 7→ (h, x, hy).

We can now determine the ring structure of A(Cp/Cp). The unit is the isomorphism

class [Cp/Cp], and

[Cp/e][Cp/e] = [Cp/e× Cp/e] = [Cp/eq · · · q Cp/e]︸ ︷︷ ︸
p times

= p[Cp/e].

Thus, if we let t be [Cp/e] it follows that A(Cp/Cp) = Z[t]/t2=pt, tr(1) = t, and

res(t) = p.

1_

��

t_

��

Z[t]/t2=pt

res
Cp
e

##

t

1 p Z

tr
Cp
e

aa

1
_

OO

1.4 Tambara Functors

Tambara functors are, in essence, commutative Green functors with extra structure

in the form of a third map induced from a map between orbits. This map is the

multiplicative analogue of the transfer and is called the norm map.
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We will provide two equivalent definitions of a Tambara functor. The first is

Tambara’s original definition and is similar to Definition 1.1.1 of a Mackey functor

[13]. The second definition is a more constructive definition reminiscent of Definitions

1.1.2 and 1.3.2. However, before stating Tambara’s definition we need to introduce

some extra terminology.

Let f : X → Y be a morphism in S etFinG and for X in S etFinG let S etFinG |X

to be the category of finite G-sets over X. Then the pullback functor associated to

f : X → Y is given by

S etFinG |Y → S etFinG |X

(B → Y ) 7→ (X ×Y B → X)

and has right adjoint

S etFinG |X → S etFinG |Y

(A
q−→ X) 7→ (

∏
f

A

∏
f q−−→ Y )

We define
∏

f A

∏
f q−−→ Y as follows. The G-set

∏
f A consists of all maps s : f−1(y)→

A such that q ◦ s(x) = x for all x in f−1(y) and whose domain is the preimage f−1(y)

in X of any y in Y. The G-action is (γ · s)(x) = γs(γ−1x) for all γ in G. We then

define the map
∏

f q :
∏

f A→ Y by (
∏

f q)(s) = y if the domain of s is f−1(y).
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Moreover, we can form the pullback X ×Y
∏

f A, since

X ×Y
∏
f

A = {(x, s)|f(x) = (
∏
f

q)(s)}

= {(x, s)|s : f−1(f(x))→ A is such that q ◦ s(z) = z

for all z ∈ f−1(f(x))}.

This pullback fits into a commutative diagram shown below where the map p is the

projection map and e is the evaluation map (x, s) 7→ s(x).

X

f

��

A
qoo X ×Y

∏
f A

eoo

p

��
Y

∏
f A

∏
f qoo

We call a diagram that is isomorphic to this diagram an exponential diagram [13].

Definition 1.4.1. A G-Tambara functor S is a map on S etFinG that sends each finite

G-set X to a commutative ring S(X) and that assigns to each map f : X → Y in

S etFinG three maps f ∗ : S(Y ) → S(X), f∗ : S(X) → S(Y ), and f? : S(X) → S(Y )

such that

1. S converts a disjoint union of finite G-sets to a direct sum of commutative rings,

2. f ∗ is a ring homomorphism, f∗ is a homomorphism of additive monoids, and f?

is a homomorphism of multiplicative monoids,

3. if f : X → Y and g : Y → Z are in S etFinG , then (gf)∗ = f ∗g∗, (gf)∗ = g∗f∗,

(gf)? = g?f? and (1X)∗ = (1X)∗ = (1X)? = 1S(X),
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4. for a pullback diagram of finite G-sets

X
f //

g
��

Y

h
��

Z k //W

the following induced diagrams commute

S(X)
f∗ // S(Y ) S(X)

f? // S(Y )

S(Z)

g∗

OO

k∗ // S(W )

h∗

OO

S(Z)
k? //

g∗

OO

S(W )

h∗

OO

5. for an exponential diagram

X

f
��

Z
goo X ′

eoo

f ′

��
Y Y ′

hoo

the induced diagram below commutes.

S(X)

f?
��

S(Z)
g∗oo e∗ // S(X ′)

f ′?
��

S(Y ) S(Y ′)
h∗oo

Given a map f : X → Y of G-sets the maps f∗ and f ∗ are the induced transfer and

restriction maps that arise in the definition of a Mackey functor. The third induced

map f? is the norm map.

As with Mackey functors we can completely understand a Tambara functor S once

we determine S(G/H) for all orbits G/H and the restriction, transfer, and norm maps

induced from all maps G/K → G/H between orbits. The induced restriction and

transfer maps are still denoted resHK and trHK , and the induced norm map is denoted
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NH
K . The Weyl groups WH(K) still act on M(G/K), and Property 3 of Definition

1.4.1 requires that resHKtr
H
K(x) =

∑
γ∈WH(K) γ · x and resHKN

H
K (x) =

∏
γ∈WH(K) γ · x.

Moreover, the norm maps are not additive, but Property 4 provides a formula for the

norm of a sum since we can build the following exponential diagram where the map

O is the canonical fold map.

G/K

f

��

G/K qG/KOoo G/K ×G/H
∏

f (G/K qG/K)eoo

p

��
G/H

∏
f (G/K qG/K)

∏
f Ooo

This diagram induces the diagram below, which gives a description of NH
K (a + b) in

terms of NH
K (a), NH

K (b) and transfer terms.

S(G/K)

NH
K

��

S(G/K)⊕ S(G/K)
O∗oo e∗ // S(G/K ×G/H

∏
f (G/K qG/K))

p?

��
S(G/H) S(

∏
f (G/K qG/K))

(
∏
f O)∗

oo

We can also derive a description of the norm of a transfer using Property 4. More

specifically, the exponential diagram

G/K

f

��

G/K ′
qoo G/K ×G/H

∏
f G/K

′eoo

p

��
G/H

∏
f G/K

′
∏
f qoo

induces the diagram

S(G/K)

NH
K

��

S(G/K ′)
trK
K′oo e∗ // S(G/K ×G/H

∏
f G/K

′)

p?

��
S(G/H) S(

∏
f G/K

′)
(
∏
f q)∗oo
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1.4.1 The Norm of a Sum in a Cpn-Tambara Functor

In essence, these exponential diagrams tell us that applying the norm map is like

taking powers. Thus, whilst the norm is not additive it is governed by universal

polynomials, and if the group G is not too complicated then we can determine the

norm of a sum using these polynomials. More specifically, norm maps must behave

like multiplying over the Weyl action, and so if G = Cpn , γ is the generator of G, and

H is a subgroup of G then we can describe NG
H (a+ b) by examining

∏
γt∈WG(H)

γt · (a+ b) = (a+ b)(γa+ γb) · · · (γ|G/H|−1a+ γ|G/H|−1b). (1.4.1)

The expansion of this product consists of a term of the form aγa · · · γ|G/H|−1a, a

term of the form bγb · · · γ|G/H|−1b, and

|G/H|−1∑
k=1

(
|G/H|
k

)
-many mixed terms that are

products of a, b, and their Weyl conjugates. The number of mixed terms should not

be alarming since∏
γ∈WG(H) γ(a + b) will have the same number of terms as the polynomial expansion

of (a + b)|G/H|. We stress that no γta or γtb for any 0 ≤ t ≤ |G/H| occurs more

than once in any mixed term. If γtam or γtbm appears in a mixed term then m = 1.

Moreover, we denote the expansion of Equation 1.4.1 by
∏
γt(a+ b). This expansion

is universally determined by the group G and depends neither on the given Tambara

functor nor on a and b.

We can analyze
∏
γt(a + b) even further to develop a thorough description of

NG
H (a+ b). First, the terms aγa · · · γ|G/H|−1a and bγb · · · γ|G/H|−1b translate to NG

H (a)
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and NG
H (b), respectively, and thus we will see NG

H (a) and NG
H (b) in the expansion of

NG
H (a+ b). We can then group the mixed terms of

∏
γt(a+ b) into sums over orbits.

If we let (~ab)H denote a mixed term whose stabilizer subgroup is H then all of the

WG(H)-conjugates of (~ab)H are also mixed terms in
∏
γt(a+ b). Thus, the expansion

includes the summation
∑

γt∈WG(H) γ
t · (~ab)H . Since the transfer map is analogous to

summing over the Weyl action this summation becomes trGH((~ab)H) in the description

of NG
H (a+ b). If there are i-many orbits of mixed terms stabilized by H in

∏
γt(a+ b)

then all such mixed terms translate to trGH(
∑i

j=1(~ab)Hj ) in NG
H (a+b) where each (~ab)Hj

is a representative from the jth WG(H)-orbit. Further, the summation
∑i

j=1(~ab)Hj is

a polynomial in a, b, and their WG(H)-conjugates and is universally determined by

the group G. Hence, we denote this summation gH(a, b).

If a mixed term has stabilizer subgroup K such that H < K < G then we can

write this term as
∏

γs∈WK(H) γ
s · (~ab)K where (~ab)K is a product of a, b, and some

of their WG(K)-conjugates. Again, if γsam or γsbm appear in (~ab)K then m = 1.

Moreover, if
∏

γs∈WK(H) γ
s · (~ab)K is a term in

∏
γt(a+ b) then so is every element in

its WG(K)-orbit. In other words,

∑
γt∈WG(K)

γt ·

 ∏
γs∈WK(H)

γs · (~ab)K


is a part of the expansion. But, since we can regard
∏

γs∈WK(H) γ
s · x as NH

K (x) and∑
γt∈WG(K) γ

t · y as trGK(y) it follows that

∑
γt∈WG(K)

γt ·

 ∏
γt∈WK(H)

γt · (~ab)K

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translates to

trGK(NK
H ((~ab)K))

in the description of NG
H (a+ b). If there are i′-many WG(K)-orbits in

∏
γ(a+ b) then

the sum of all mixed terms stabilized by K can be written as

trGK

(
i′∑
j=1

NK
H ((~ab)Kj )

)

where each NK
H ((~ab)Kj ) is a representative from the jth WG(K)-orbit. We should view

the summation
∑i′

j=1N
K
H ((~ab)Kj ) as a polynomial in a, b, and their WG(K)-conjugates.

We stress that this polynomial is universally determined by G.

Therefore, even though we do not have an explicit formula for NG
H (a+ b) we can

conclude that for all subgroups H of G

NG
H (a+ b) = (1.4.2)

NG
H (a) +NG

H (b) + trGH(gH(a, b)) +
∑

H<K<G

trGK

(
i′∑
j=1

NK
H ((~ab)Kj )

)
.

When H is maximal in G Equation 1.4.2 simplifies to

NG
H (a+ b) = NG

H (a) +NG
H (b) + trGH(gH(a, b)). (1.4.3)

The polynomial gH(a, b) is a polynomial in a, b, and their WG(H)-conjugates, and∑i′

j=1N
K
H ((~ab)Kj ) is a polynomial in a, b, and their WG(K)-conjugates. These polyno-

mials are universally determined by the group G and consist only of monomials that

are products of single power terms.
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Example 1.4.1. If the groupG is small enough we can use Equation 1.4.2 or Equation

1.4.3 to find an explicit formula for NG
H (a + b). For example, if γ is the generator of

C2, then we know that for any C2-Tambara functor

NC2
e (a+ b) = NC2

e (a) +NC2
e (b) + trC2

e (ge(a, b))

where ge(a, b) is a polynomial with variables a, b, γa, and γb and is universally deter-

mined by C2. However, we can explicitly describe this polynomial by computing

∏
γ∈C2

γ · (a+ b) = (a+ b)(γa+ γb)

= aγa+ aγb+ bγa+ bγb

= aγa+
∑
γ∈C2

γ · (aγb) + bγb

Thus, ge(a, b) = aγb, and for any C2-Tambara functor, an explicit formula for NC2
e (a+

b) is given by

NC2
e (a+ b) = NC2

e (a) +NC2
e (b) + trC2

e (aγb).

Example 1.4.2. Similarly, we can determine an explicit formula for NC4
e (a + b) in

any C4-Tambara functor. Letting γ be the generator of C4, the norm of a sum in a

C4-Tambara functor is determined by

∏
γ∈C4

γ · (a+ b) = (a+ b)(γa+ γb)(γ2a+ γ2)(γ3a+ γ3b).

Expanding the above expression results in a 16 term summation that translates to

NC4
e (a+ b) =

NC4
e (a) +NC4

e (b) + trC4
C2

(NC2
e (aγb)) + trC4

e (aγaγ2aγ3b+ bγbγ2bγ3a+ aγbγ2bγ3a)
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Further, the above discussion describes NC4
e (a+ b) by

NC4
e (a+ b) = NC4

e (a) +NC4
e (b) + trC4

C2
(
∑
j

NC2
e ((~ab)C2

j )) + trC4
e (ge(a, b)).

Hence, by computing
∏

γ∈C4
γ · (a+ b) we have discovered that for every C4-Tambara

functor the polynomial ∑
j

NC2
e ((~ab)C2

j ) = NC2
e (aγb)

and

ge(a, b) = aγaγ2aγ3b+ bγbγ2bγ3a+ aγbγ2bγ3a.

1.4.2 The Norm of a Transfer in a Cpn-Tambara Functor

Let H and K be subgroups of G such that K < H. We can also use the exponential

diagrams to realize NG
H (trHK(x)) as

∏
γ∈WG(H)

γ ·

 ∑
δ∈WH(K)

δ · x

 .

Therefore, even though we will not be able to find a closed formula for NG
H (trHK(x)),

letting H be Cpk , K be Cpi , and η be pn−k we can obtain a better understanding of

NG
H (trHK(x)) by examining

∏
γt∈WG(H)

γt ·

 ∑
γjη∈WH(K)

γjη · x

 .

First, the summation

∑
γjη∈WH(K)

γjη · x = x+ γηx+ · · ·+ γAη
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where A = pk−i − 1, and hence

∏
γt∈WG(H)

γt ·

 ∑
γjη∈WH(K)

γjη · x

 = (1.4.4)

(x+ · · ·+ γAηx)(γx+ · · ·+ γAη+1) · · · (γη−1x+ · · ·+ γ(A+1)η−1x).

Expanding Equation 1.4.4 results in a (pk−1)p
n−k

-many term polynomial in x and

its WG(K)-conjugates. Each monomial is a product of |G/H|-many variables, and

if γsx appears in a monomial then it appears no more than once in that term. In

other words, if a monomial contains the element γsxm then m = 1. Moreover, this

polynomial is universally determined by the group G and is independent of both the

given Mackey functor and the given element x.

If we examine Equation 1.4.4 a bit further we will be able to obtain even more

details in the description of NG
H (trHK(x)). To begin, the stabilizer subgroup of every

term in the expansion of Equation 1.4.4 is the subgroup K. If a term were to be stabi-

lized by a subgroup K ′ such that K < K ′ < G then this term would contain multiple

elements γsx from the same factor. Since this does not happen every monomial is

stabilized only by K. Hence, the expansion will divide into sums of WG(K)-oribts,

and we can rewrite it as

∏
γt∈WG(H)

γt ·

 ∑
γjη∈WH(K)

γjη · x

 (1.4.5)

=
∑

γt∈WG(K)

γt · ~x1 +
∑

γt∈WG(K)

γt · ~x2 + · · ·+
∑

γt∈WG(K)

γt · ~x
p(k−i)pn−k−n+i

=
∑

γt∈WG(K)

γt · (~x1 + ~x2 + · · ·+ ~x
p(k−i)pn−k−n+i

)
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where ~xi is a representative from the ith WG(K)-orbit. But, since summing over the

WG(K)-action correlates to taking the transfer trGK , Equation 1.4.5 translates to the

following formula.

NG
H (trHK(x)) = trGK(~x1 + ~x2 + · · ·+ ~x

p(k−i)pn−k−n+i
)

Furthermore, the summation ~x1 + ~x2 + · · · + ~x
p(k−i)pn−k−n+i

is a polynomial in x and

its WG(K)-conjugates. Thus, we will denote it by f(x), and whilst we cannot find

a closed form expression for f(x) we emphasize that this polynomial is universally

determined by the group G, and each ~xi is a product
∏
γt ·x that contains no elements

of the form γtxm for m > 1. Therefore, we can describe NG
H (trHK(x)) by Equation 1.4.6.

NG
H (trHK(x)) = trGK(f(x)) (1.4.6)

Example 1.4.3. If the group G is small enough we can use Equation 1.4.6 to find an

explicit formula for NG
H (trHK(x)). For example, for any C8-Tambara functor we know

via Equation 1.4.6 that NC8
C4

(trC4
e (x)) = trC8

e (f(x)) where f(x) is some polynomial in

x and its C8-conjugates. However, letting γ be the generator of C8, we can determine

a closed form expression for NC8
C4

(trC4
e (x)) by computing

(x+ γ2x+ γ4x+ γ6x)(γx+ γ3x+ γ5x+ γ7x).
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Indeed,

(x+ γ2x+ γ4x+ γ6x)(γx+ γ3x+ γ5x+ γ7x) =

xγx+ xγ3x+ xγ5x+ xγ7x+ γ2xγx + γ2xγ3x+ γ2xγ5x+ γ2xγ7x

+ γ4xγx+ γ4xγ3x+ γ4xγ5x+ γ4xγ7x+ γ6xγx+ γ6xγ3x+ γ6xγ5x+ γ6xγ7x

=
∑
γt∈C8

γt · (xγx+ xγ3x).

It follows that the polynomial f(x) = xγx + xγ3x, and in any C8-Tambara functor

an explicit formula for NC8
C4

(trC4
e (x)) is given by NC8

C4
(trC4

e (x)) = trC8
e (xγx+ xγ3x).

Property 1.4.4. If H = Cpk , K
′ = Cpi , H < K ′ < G and m is an element in

M(G/H) then by functoriality we can conclude that NG
H (m) = NG

K′N
K′
H (m). More-

over,

∏
γs∈WG(H)

γs ·m =

pn−k−1∏
s=0

γs ·m

=

pn−i−1∏
s=0

pn−i−k−1∏
j=0

γs+jp
n−i ·m


=

∏
γs∈WG(K)

γs ·

 ∏
γt∈WK(H)

γt ·m

 .

Therefore, Equation 1.4.2 for NG
H (a+b) must agree with the formula for NG

KN
K′
H (a+b),

and Equation 1.4.6 for NG
H (trHH′(x)) must agree with the formula for NG

K′N
K′
H (trHH′(x)).

1.4.3 A Definition for Cpn-Tambara Functors

The above discussion provides a more pragmatic definition of a Cpn-Tambara functor.
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Definition 1.4.2. Let G be Cpn . A commutative G-Green functor S is a G-Tambara

functor (or just Tambara functor when the group is clear) if it has the following extra

structure.

1. For all subgroups H of G, if K is a subgroup of H then, in addition to the

restriction map resHK and transfer map trHK , S supports a third map NH
K :

S(G/K) → S(G/H), called the norm map. The norm map is multiplicative

but not additive.

2. Like the transfer map trHK , the norm mapNH
K = NH

K′N
K′
K wheneverK < K ′ < H

and NH
K (γ · x) = NH

K (x) for all x in S(G/K) and γ in WH(K).

3. Given x in S(G/K) and γ in WH(K), resHKN
H
K (x) =

∏
γ∈WH(K) γ · x for all

K < H ≤ G.

4. If K < H then for all a and b in S(G/K)

NH
K (a+ b) = NH

K (a) +NH
K (b) + trHK(gK(a, b)) +

∑
K<K′<H

trHK′

(∑
j

NK′

K ((~ab)K
′

j )

)

as described in Equation 1.4.2 of Remark 1.4.1. In particular, this equation is

universally determined by the group G. It is independent of the given Tambara

functor S.

5. If K < K ′ < H then for all x in S(G/K ′)

NH
K (trKK′(x)) = trHK′(f(x))
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where f(x) is the polynomial of Equation 1.4.6 of Remark 1.4.2. This poly-

nomial is universally determined by the group G and does not depend on the

given Tambara functor S.

We will describe a Tambara functor diagrammatically, and as we did for Mackey

functors, we will omit the Weyl action from Tambara functor diagrams. For example,

a C8-Tambara functor is shown in Figure 1.3.

M(C8/C8)

res
C8
C4

&&
M(C8/C4)

res
C4
C2

&&

tr
C8
C4

ff

N
C8
C4

OO

M(C8/C2)

N
C4
C2

OO

res
C2
e

&&

tr
C4
C2

ff

M(C8/e)

tr
C2
e

ff

N
C2
e

OO

Figure 1.3: A C8-Tambara Functor

Furthermore, we can consider the category of G-Tambara functors TambG, and

a morphism in TambG is a morphism of commutative Green functors that also

commutes with the norm maps. More specifically, a morphism φ : S → S ′ of

Tambara functors consists of a collection of Weyl equivariant ring homomorphisms

φH : S(G/H) → S ′(G/H) for all subgroups H of G such that whenever K is a
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subgroup of H resHKφH = φKres
H
K , tr

H
KφK = φHtr

H
K , and NH

K φK = φHN
H
K .

1.4.4 Examples

Example 1.4.5. Fixed Point Tambara Functors. A fixed point Green functor natu-

rally inherits the structure of a Tambara functor. If D is a commutative ring with a

G-action and D its fixed point Green functor then for all subgroups K < H < G we

can define the norm map NH
K : DK → DH by

NH
K (x) =

∏
γ∈WH(K)

γ · x.

For example, the constant Mackey functor extends to a Tambara functor, and we

define its norm maps NH
K : Z → Z by x 7→ x|H/K| for all subgroups H and K in G.

The Cp2-Constant Tambara functor is given below.

Z(Cp2/Cp2) = Z

id

$$
Z(Cp2/Cp) = Z

(×p)

dd

id

$$

N
C
p2

Cp
xp

OO

Z(Cp2/e) = Z

(×p)

dd

N
Cp
e xp

OO

Example 1.4.6. The Burnside Tambara Functor. The Burnside Green functor ex-

tends to a Tambara functor as well. If X is a K-set and K is a subgroup of H then

the set

{K-equivariant maps φ : H → X}
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is an H-set, and the H-action on a map φ in this set is given by h · φ(h′) = φ(hh′)

for all h in H. Thus, we can define the norm maps NH
K : A(G/K)→ A(G/H) of the

Burnside Tambara functor by

NH
K ([X]) = [{K-equivariant maps φ : H → X}].

We can provide an explicit formula for the norm N
Cp
e : A(Cp/e) → A(Cp/Cp) of

the Cp-Burnside Tambara functor. From Example 1.3.2 we have A(Cp/e) = Z and

A(Cp/Cp) = Z[t]/t2=pt. Let M be a set of m-many elements, and let m denote the

isomorphism class of M in A(Cp/e). Then

NCp
e (m) = [{maps Cp →M}],

and there are mp-many such maps, m-many of which are constant. Thus, each con-

stant map is in its own orbit, and the remaining (mp−m)-many maps split into mp−m
p

copies of [Cp/e]. Therefore, N
Cp
e (m) = m+mp−m

p
t, and we show the Cp-Burnside Tam-

bara functor diagram below.

1_

��

t_

��

Z[t]/t2=pt

res
Cp
e

##

t

1 p Z

tr
Cp
e

aa

N
Cp
e

OO

1
_

OO

Example 1.4.7. Not All Green Functors are Tambara Functors. If G = Cpn then

there is an augmentation map of G-Green functors φ : A → Z where each φH :
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A(G/H) → Z sends a finite H-set to its cardinality. We define the augmentation

ideal I to be the kernel of this map, and the Mackey functor diagram for I is shown

below.

I(Cp/Cp) = Z

res
Cp
e

��
I(Cp/e) = 0

tr
Cp
e

__

The augmentation ideal is a Green functor that does not extend to a Tambara functor

because I(Cp/e) = 0. Since the norm map is multiplicative we require N
Cp
e (1) = 1,

but 1 = 0 in I(Cp/e). Thus, if I supported a norm map then it would follow that

1 = 0 in I(Cp/Cp). Indeed this is not the case.

Example 1.4.8. Using an Adjunction to Build Tambara Functors. Let RingG be

the category of commutative rings with a G-action. There is a forgetful functor

TambG → RingG given by S 7→ S(G/e), and this functor has a left adjoint

FT : RingG → TambG.

Thus, we can use this adjunction to build Tambara functors from rings in RingG.

In particular, if R is a nice ring in RingCp then we can build a Tambara functor

diagram for the Cp-Tambara functor FT (R). We define FT (R)(Cp/e) to be R, and we

can determine FT (R)(Cp/Cp) as follows. First, the ring FT (R)(Cp/Cp) must consist

of a copy of the Burnside Tambara functor A so that we can define tr
Cp
e (1) to be t.

Then for every additive generator ri in R we add polynomial generators ui and ni to
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FT (R)(Cp/Cp) and define the transfer and norm maps by

trCpe (ri) = ui and NCp
e (ri) = ni.

We further force the Frobenius reciprocity relations and use the Weyl action to define

the restriction map.

For example, we will construct the C2-Tambara functor FT (Z/2) where we consider

Z/2 as a ring with trivial C2-action. We define FT (Z/2)(C2/C2) to be

A(C2/C2)/
tr
C2
e (2)=0,N

C2
e =0

.

Since

A(C2/C2) = Z[t]/t2=2t,

trC2
e (2) = 2t, and

NC2
e (2) = 2 + t

it follows that FT (Z/2)(C2/C2) = Z[t]/t2=2t,2t=0,2+t=0, but we can simplify this further.

The relation 2 + t = 0 implies that t = −2 and 2t = 0 implies that 4 = 0. Therefore,

the ring FT (Z/2)(C2/C2) is isomorphic to Z/4, and trC2
e (1) = 2. We give the C2-

Tambara functor diagram for FT (Z/2) below.

1_

��

Z/4

res
C2
e

%%

2

1 Z/2

tr
C2
e

ee

N
C2
e

OO

1
_

OO
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Next, consider the ring Z[x]/x2 with trivial C2-action. We will build the C2-

Tambara functor FT (Z[x]/x2). To define FT (Z[x]/x2)(C2/C2) we must adjoin trC2
e (x)

and NC2
e (x) to A(C2/C2) and still maintain Frobenius reciprocity and all relations

between the restriction, transfer and norm maps given in Definition 1.4.2. Thus, if

we let trC2
e (x) = u and NC2

e (x) = n then since the Weyl action is trivial, we require

resC2
e (u) = resC2

e tr
C2
e (x) =

∑
γ∈C2

γ · x = 2x

and

resC2
e (n) = resC2

e N
C2
e (x) =

∏
γ∈C2

γ · x = x2 = 0.

Moreover, Frobenius reciprocity induces the relations shown below.

tu = tr(1)u = tr(1 · res(u)) = tr(2x) = 2y

tn = tr(1)n = tr(1 · res(n)) = tr(x2) = 0

nu = ntr(x) = tr(res(n)x) = tr(x3) = 0

u2 = tr(x)u = tr(xres(u)) = tr(2x2) = 0

Therefore,

FT (Z[x]/x2)(C2/C2) = Z[t, u, n]/(t2=2t,tu=2u,tn=nu=u2=n2=0),

and we give the C2-Tambara functor diagram for FT (Z[x]/x2).

1_

��

t_

��

u_

��

n_

��

FT (Z[x]/x2)(C2/C2)

res
C2
e

##

t u

1 2 2x 0 Z[x]/x2

tr
C2
e

cc

N
C2
e

OO

1
_

OO

x
_

OO
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1.4.5 The Box Product of Tambara Functors

In ([12], Proposition 9.1) Neil Strickland states that if S and S ′ are Tambara functors

then the Mackey functor S @ S ′ inherits a unique Tambara functor structure. We

define the norm maps NH
K : (S @S ′)(G/K)→ (S @S ′)(G/H) by letting NH

K (a⊗ b) =

NH
K (a)⊗NH

K (b) if a⊗ b is in S(G/K)⊗ S ′(G/K). We then use Properties 4 and 5 of

Definition 1.4.2 to extend this definition to all other elements in (S @ S ′)(G/K).

Hence, if S and S ′ are Cpn-Tambara functors then (S @ S ′)(G/H) still equals

[
S(G/H)⊗ S ′(G/H)⊕ Im(trHK)

]
/FR.

Given a⊗b in S(G/H)⊗S ′(G/H) and trHK(x) in Im(trHK) we define the multiplication

(a⊗ b)trHK(x) using Frobenius reciprocity:

(a⊗ b)trHK(x) = trHK(resHK(a⊗ b)x).

Moreover, Remarks 1.2.2 and 1.2.3 extend to the box product of Tambara functors.

In particular, a map S @ S ′ → R of Tambara functors determines and is determined

by a collection of ring homomorphisms

θH : S(G/H)⊗ S ′(G/H)→ R(G/H)

for all subgroups H of G such that whenever K is a subgroup of H the diagrams of

Remark 1.2.3 commute and the diagram below commutes.

S(G/H)⊗ S ′(G/H)
θH // R(G/H)

S(G/K)⊗ S ′(G/K)
θK //

NH
K⊗N

H
K

OO

R(G/K)

NH
K

OO
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Chapter 2

An Equivariant Symmetric
Monoidal Structure on the
Category of Mackey Functors

We now develop a new equivariant symmetric monoidal structure on the category

of Mackey functors under which Tambara functors are the equivariant commutative

monoids. The main advantage of this new structure is that it is concrete. We will

be able to build a Mackey functor diagram like Figure 1.1 that describes this G-

symmetric monoidal structure just like the diagram in Example 1.2.1 describes the

box product construction.

2.1 G-Symmetric Monoidal Structures

In this section we provide the definition G-symmetric monoidal and G-commutative

monoid given by Hill and Hopkins in [4], but first we discuss a useful property of

symmetric monoidal categories. Let S etFin,Iso be the category whose objects are

finite sets (with no group action) and whose morphisms consist only of isomorphisms
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of sets, and let (C ,�, e) be a symmetric monoidal category. Because C is symmetric

monoidal there is a functor (−)⊗ (−) : S etFin,Iso × C → C given by

X ⊗ C = C � · · ·� C︸ ︷︷ ︸
|X| times

= C�|X|

called the canonical exponentiation map [4]. It is symmetric monoidal in both factors.

Additionally, the object ∅ ⊗ C = e, and if ∗ is the single point set then ∗ ⊗ C = C

for all C in C .

We can use this functor to describe the commutative monoids in C . If we fix an

object C in C then we can define a functor (−)⊗C : S etFin,Iso → C by X 7→ X⊗C.

We can define a commutative monoid to be an object C in C along with an extension

of the functor (−)⊗ C to S etFin, the category of finite sets.

S etFin,Iso
(−)⊗C//

��

C

S etFin

99

If such an extension exists then morphisms X → Y in S etFin induce morphisms

X ⊗ C → Y ⊗ C, and we recover the standard definition of a commutative monoid

by examining the morphisms in C induced from ∗q∗ → ∗, ∅ → ∗, and ∗q∗ → ∗q∗

[4].

We develop the notions of G-symmetric monoidal and G-commutative monoid

by extending this discussion to S etFin,IsoG , the category of finite G-sets with isomor-

phisms.
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Definition 2.1.1. Let (C ,�, e) be a symmetric monoidal category. A G-symmetric

monoidal structure on C consists of a functor

(−)⊗ (−) : S etFin,IsoG × C → C

such that

1. (X q Y )⊗ C = (X ⊗ C)� (Y ⊗ C) and X ⊗ (C �D) = (X ⊗ C)� (X ⊗D),

2. when restricted to S etFin,Iso this functor is the canonical exponentiation map,

and

3. X ⊗ (Y ⊗ C) is naturally isomorphic to (X × Y )⊗ C.

As with the non-equivariant case, every object C in C defines a functor

(−)⊗ C : S etFin,IsoG → C ,

and so the definition of a G-commutative monoid is analogous to the definition of a

commutative monoid presented above.

Definition 2.1.2. A G-commutative monoid is an object C in C together with an

extension

S etFin,IsoG

(−)⊗C//

��

C

S etFinG

::

Example 2.1.1. Let SpG be the category of G-spectra, and for every subgroup H

of G let i∗H : SpG → SpH be the restriction functor that sends a G-spectrum to its
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underlying H-spectrum. The smash product makes SpG into a symmetric monoidal

category.

We can endow SpG with a G-symmetric monoidal structure using the Hill-

Hopkins-Ravenel norm NG
H : SpH → SpG. We define the functor

(−)⊗ (−) : S etFin,IsoG × SpG → SpG

by

G/H ⊗X = NG
H i
∗
HX for all orbits G/H, and

(Y q Z)⊗X = (Y ⊗X) ∧ (Z ⊗X) for all finite G-sets Y and Z.

Then given a G-spectrum X the functor (−) ⊗ X : S etFin,IsoG → SpG extends to a

functor S etFinG → SpG if and only if X has the structure of a commutative G-ring

spectrum. Therefore, under this G-symmetric monoidal structure the commutative

G-ring spectra are the G-commutative monoids [5].

We can use the above G-symmetric monoidal structure on the category of G-

spectra to build a G-symmetric monoidal structure on the category of G-Mackey

functors. We define a functor (−)⊗ (−) : S etFin,IsoG ×MackG →MackG by

(X,M) 7→ π0(X ⊗HM)

where HM is the Eilenberg-MacLane spectrum of M [4].

However, this G-symmetric monoidal structure is not ideal. In addition to being

difficult to unpack, we have been unable to show that Tambara functors are the G-

commutative monoids under this structure. In 2004, Morten Brun showed that if R
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is a commutative G-ring spectrum then π0(R) is a Tambara functor [1], and hence,

we know that all G-commutative monoids are Tambara functors. However, it is not

clear that all Tambara functors are G-commutative monoids.

Therefore, we strive to build a new G-symmetric monoidal structure on MackG

such that

• this new structure is concrete and does not involve the passage to G-spectra,

and

• under this structure a Mackey functor M is a G-commutative monoid if and

only if it has the structure of a Tambara functor.

We accomplish this endeavor for the category of Cpn-Mackey functors by creating

symmetric monoidal norm functors N
Cpn

H :MackH →MackCpn for all subgroups H

of Cpn such that

• given an H-Mackey functor M we can write down a Mackey functor diagram

for N
Cpn

H M, and

• NCpn

H M is the universal home for internal norms of Tambara functors.

If G = Cpn then we will be able to define the functor

(−)⊗ (−) : S etFin,IsoG ×MackG →MackG

by

• ∅ ⊗M := A, the Burnside Mackey functor,
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• G/H ⊗M := NG
H i
∗
HM, for all orbits G/H and

• (X q Y )⊗M := (X ⊗M) @ (Y ⊗M) for all finite G-sets X and Y.

The functor i∗H : MackG → MackH is the restriction functor that brings a G-

Mackey functor to its underlying H-Mackey functor. For example, if M is the C8-

Mackey functor in Figure 1.1 then the Mackey functor diagram for i∗C2
M is shown

below.

(i∗C2
M)(C2/C2) = M(C8/C2)

res
C2
e

��
(i∗C2

M)(C2/e) = M(C8/e)

tr
C2
e

^^

In all subsequent sections let G be Cpn .

2.2 Constructing the Norm Functors NG
H

2.2.1 Part 1: H is Maximal in G

We will first build the norm functor NG
H : MackH → MackG for H = Cpn−1 , the

maximal subgroup of G. We need to construct this functor such that i∗K(X ⊗M) is

isomorphic to i∗KX ⊗ i∗KM for all subgroups K of G, finite G-sets X and Mackey
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functors M. In particular, we need i∗H(G/H ⊗M) to equal i∗H(G/H)⊗ i∗HM and

i∗H(G/H)⊗ i∗HM = (H/H q · · · qH/H)︸ ︷︷ ︸
|G/H| times

⊗i∗HM

∼= (H/H ⊗ i∗HM)@|G/H|

∼= (i∗HM)@|G/H|.

Thus, letting M be an H-Mackey functor, the Mackey functor i∗HN
G
HM must equal

M@|G/H|, and so if K is a subgroup of H we define (NG
HM)(G/K) to be M@|G/H|(H/K)

where the Weyl group WG(K) acts by permuting the box product factors. More

specifically, if γ is the generator of Cpn and me ⊗mγ ⊗mγ2 ⊗ · · · ⊗mγp−1 is a simple

tensor in M@|G/H|(H/K) then WG(K) acts by

γ · (me ⊗mγ ⊗mγ2 ⊗ · · · ⊗mγp−1) = (γp ·mγp−1)⊗me ⊗mγ2 ⊗ · · · ⊗mγp−2

where we regard γp as the generator of WH(K).

Remark 2.2.1. We will often consider a group M as a trivial group-Mackey functor,

and hence we can construct the G-Mackey functor NG
e M. In this case (NG

e M)(G/e) =

M⊗|G|. The group G still acts on M⊗|G| by permuting the tensor factors.

Remark 2.2.2. For any subgroup K of H we will want to write a simple tensor

me ⊗mγ ⊗mγ2 ⊗ · · · ⊗mγp−1

in M@|G/H|(H/K) as a product over the Weyl action. Of course, the group M(H/K)

does not necessarily come equipped with a multiplication. Thus, we must formally
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add an element 1 to M(H/K) such that γt · 1 = 1 for all γt in G, and we define a

multiplication on 1 by 1m = m1 = 1 for all m in M(H/K). If neither m1 nor m2 are

the element 1 then there is no multiplication m1m2. Then we can express the element

me ⊗mγ ⊗mγ2 ⊗ · · · ⊗mγp−1

as

(me ⊗ 1⊗p−1)γ(mγ ⊗ 1⊗p−1)γ2(mγ2 ⊗ 1⊗p−1) · · · γp−1(mγp−1 ⊗ 1⊗p−1).

Furthermore, consider the polynomials gH(a, b) of Equation 1.4.3 in Section 1.4.1

and f(x) of Equation 1.4.6 in Section 1.4.2. The polynomial gH(a, b) is a polynomial

in a, b, and their WG(H)-conjugates. Since every monomial of gH(a, b) contains only

elements of the form γsa and γsb we can make sense of evaluating this polynomial at

the elements a⊗ 1⊗p−1 and b⊗ 1⊗p−1 and their WG(H)-conjugates in M@|G/H|(H/H).

For example, in Example 1.4.1 we computed

NC2
e (a+ b) = NC2

e (a) +NC2
e (b) + trC2

e (ge(a, b))

where ge(a, b) = aγb. If M is a group then (NC2
e M)(C2/e) = M⊗M, and hence below

we evaluate ge(a, b) at a⊗ 1 and b⊗ 1 in M ⊗M.

ge(a⊗ 1, b⊗ 1) = (a⊗ 1)γ(b⊗ 1)

= (a⊗ 1)(1⊗ b)

= a⊗ b

Similarly, the polynomial f(x) is a polynomial in x and its WG(K)-conjugates,

and if γsxm is part of a monomial of f(x) then m = 1. Therefore, we can evaluate
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f(x) at x⊗ 1⊗p−1 and its WG(K)-conjugates in M@|G/H|(H/K). Indeed, in Example

1.4.3 we showed that NC8
C4

(trC4
e (x)) = trC8

e (f(x)), where f(x) = xγx + xγ3x. Thus,

evaluating f(x) at x⊗ 1 in M@|C8/C4|(C4/e) results in

f(x⊗ 1) = (x⊗ 1)γ(x⊗ 1) + (x⊗ 1)γ3(x⊗ 1)

= (x⊗ 1)(1⊗ x) + (x⊗ 1)(1⊗ γ2x)

= x⊗ x+ x⊗ γ2x.

We now provide a complete definition of the norm functorNG
H :MackH →MackG

for H maximal in G. We will prove that our construction of NG
H is, in fact, a functor

in Theorem 2.2.3.

Definition 2.2.1. Define the norm functor NG
H : MackH → MackG as follows.

Given an H-Mackey functor M, for all subgroups K of H define

(NG
HM)(G/K) := M@|G/H|(H/K).

The Weyl group WG(K) acts on a simple tensor by

γ · (me ⊗mγ ⊗mγ2 ⊗ · · · ⊗mγp−1) = (γp ·mγp−1)⊗me ⊗mγ2 ⊗ · · · ⊗mγp−2

where γp is the generator of WH(K). If K ′ < K ≤ H then the restriction map resKK′

and the transfer map trKK′ are defined as in Definition 1.2.1. Define

(NG
HM)(G/G) :=

(
Z{M(H/H)} ⊕M@|G/H|(H/H)/WG(H)

)
/TR.

1. For a in M(H/H) let N(a) denote the corresponding generator of the free

summand Z{M(H/H)}.
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2. The transfer map trGH is the quotient map

M@|G/H|(H/H)→M@|G/H|(H/H)/WG(H)

onto the second summand. We will refer to M@|G/H|(H/H)/WG(H) as Im(trGH)

and an element in M@|G/H|(H/H)/WG(H) as trGH(x).

3. We define the restriction map resGH by resGH(trGH(x)) =
∑

γ∈WG(H) γ · x and

resGH(N(a)) = a⊗|G/H|.

4. The submodule TR is called the Tambara reciprocity submodule and is gener-

ated by

N(a+ b)−N(a)−N(b)− trGH(g(a, b))

and

N(trHK(x))− trGH
(
trHK(F (x))

)
for all a and b in M(H/H) and all x in every M(H/K). The polynomial g(a, b) =

gH(a ⊗ 1⊗p−1, b ⊗ 1⊗p−1) where gH(a, b) is the polynomial of Equation 1.4.2

and Remark 2.2.2. The polynomial F (x) = f(x ⊗ 1⊗p−1) where f(x) is the

polynomial given in Equation 1.4.6 and Remark 2.2.2. Both polynomials g(a, b)

and F (x) are universally determined by the group G.

Definition 2.2.2. Define the map N : M(H/H) → (NG
HM)(G/G) by letting N(a)

be the corresponding generator in the free summand Z{M(H/H)}.
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Definition 2.2.1 is reminiscent of Definition 1.2.1 of the box product M @M. We

need (NG
HM)(G/G) to be as free as possible such that the map N behaves like a

norm map in a Tambara functor. In particular, if L is a G-Mackey functor and the

functor (−)⊗L : S etFin,IsoG →MackG extends to a functor S etFinG →MackG then

we want this map N : i∗HL(H/H) → (NG
H i
∗
HL)(G/G) to extend to an internal norm

map NG
H : L(G/H)→ L(G/G) in L. Thus, we wanted to let (NG

HM)(G/G) simply be

Z{M(H/H)}. But, this definition was problematic because we were unable to define

the transfer map trGH : (NG
HM)(G/H)→ (NG

HM)(G/G) in a compatible manner. So,

instead, we needed to add in the image of the transfer as freely as possible and create

Definition 2.2.1.

Moreover, since we want the map N to lead to internal norm maps we will think of

the Z{M(H/H)} summand of (NG
HM)(G/G) as the submodule of norms. We quotient

out by the Tambara reciprocity submodule to force (NG
HM)(G/G) to maintain the

relations that exist between the norm and transfer maps of a Tambara functor stated

in Properties 4 and 5 of Definition 1.4.2. Similarly, we defined resGH(N(a)) to be

a⊗|G/H| so that it mirrors the restriction of a norm in a Tambara functor.
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Example 2.2.3. Let M be a C2-Mackey functor. Then NC4
C2
M is shown below.

(
Z{M(C2/C2)} ⊕

Im(tr
C4
C2

)︷ ︸︸ ︷
(M @M)(C2/C2)/WC4

(C2)

)
/TR

res
C4
C2

��
(M @M)(C2/C2)

res
C2
e

!!

tr
C4
C2

^^

M(C2/e)⊗M(C2/e)

tr
C2
e

aa

The Tambara reciprocity submodule is generated byN(a+b)−N(a)−N(b)−trC4
C2

(a⊗b)

and N(trC2
e (x))− trC4

C2
trC2
e (x⊗ x).

Example 2.2.4. Let A be the Burnside Mackey functor. Then NG
HA = A. In partic-

ular, since Z is the Burnside Mackey functor of the trivial group it follows that NC2
e Z

should be the C2-Burnside Mackey functor. Indeed, (NC2
e Z)(C2/e) = Z⊗Z = Z, and

(NC2
e Z)(C2/C2) = (Z{. . . , N(−1), N(0), N(1), . . . } ⊕ Z) /TR.

Then given any group M, the Tambara reciprocity submodule of NC2
e M is generated

by elements of the form N(a+ b)−N(a)−N(b)− tr(a⊗ b). Therefore, quotienting

out by TR induces the following relations in (NC2
e Z)(C2/C2).

N(0) = N(0) +N(0) + tr(0)

N(0) = N(a) +N(−a) + tr(−a2) for all positive integers a

N(c) = cN(1) + tr

(
c2 − c

2

)
for all integers c ≥ 2
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These relations indicate that NC2
e (C2/C2) = Z{N(1)} ⊕ Z because N(0) = 0 and we

can write all other generators as linear combinations of N(1) and transfer terms. Fur-

ther, tr(1) = (0, 1), res(1, 0) = res(N(1)) = 1 ⊗ 1 = 1, and res(0, 1) = res(tr(1)) =∑
γ∈C2

γ · 1 = 2. It follows that NC2
e Z is the C2-Burnside Mackey functor.

Example 2.2.5. To stress the fact that this definition of NG
H is concrete we will also

build the Mackey functor diagram for NC2
e (Z/2). First, NC2

e (Z/2)(C2/e) = Z/2, and

NC2
e (Z/2)(C2/C2) = (Z{N(0), N(1)} ⊕ Z/2) /TR.

But, by Tambara reciprocity we have N(0) = 0 and

N(0) = N(1 + 1) = N(1) +N(1) + tr(1).

Thus, we can write tr(1) in terms of N(1). Finally, since 2N(1) + tr(1) = 0 it follows

that

2(2N(1) + tr(1)) = 4N(1) = 0,

which tells us that NC2
e (Z/2)(C2/C2) is isomorphic to Z/4, and its generator is N(1).

The C2-Mackey functor diagram for NC2
e (Z/2) is

1_

��

Z/4

res
C2
e

%%

2

1 Z/2

tr
C2
e

ee

1
_

OO
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Now, we have defined a map NG
H : MackH → MackG that is easy to construct

for H maximal in G, but we need to prove that it is a symmetric monoidal functor.

Theorem 2.2.3. The map NG
H :MackH →MackG is a functor.

Proof. Let M and L be H-Mackey functors. Given a morphism φ : M → L of H-

Mackey functors we need to define a morphism Φ : NG
HM → NG

HL of G-Mackey func-

tors. Thus, we must define a collection of maps ΦK : (NG
HM)(G/K)→ (NG

HL)(G/K)

for all subgroups K of G such that resKK′ΦK = ΦK′res
K
K′ and trKK′ΦK′ = ΦKtr

K
K′

whenever K ′ < K. If K is a subgroup of H then ΦK is simply φ
@|G/H|
K , and then since

H is maximal in G it remains only to define

ΦG :
(
Z{M(H/H)} ⊕ Im(trGH)

)
/TR →

(
Z{L(H/H)} ⊕ Im(trGH)

)
/TR.

In order for trGHΦH to equal ΦGtr
G
H we must define

ΦG(trGH(x)) := trGH(φ
@|G/H|
H (x)).

Then we define ΦG(N(a)) as follows.

ΦG(N(a)) := N(φH(a)).

The map ΦG will be well-defined if it preserves the Tambara reciprocity relations.

More specifically, the following relations must hold for all a, b, and x.

ΦG(N(a+ b)) = (2.2.1)

ΦG(N(a)) + ΦG(N(b)) + ΦG(trGH(g(a, b)))
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ΦG(N(trHK(x))) = ΦG

[
trGHtr

H
K(F (x))

]
(2.2.2)

To show that Equation 2.2.1 holds we have

ΦG(N(a+ b)) = N(φH(a+ b))

= N(φH(a) + φH(b))

= N(φH(a)) +N(φH(b)) + trGH(g(φH(a), φH(b)))

and

ΦG(N(a)) + ΦG(N(b)) + ΦG(trGH(g(a, b)))

= N(φH(a)) +N(φH(b)) + trGH(φ
@|G/H|
H (g(a, b))).

Since the polynomial g(a, b) is in M@|G/H|(H/H) and is universally defined by the

group G it follows that φ
@|G/H|
H (g(a, b)) = g(φH(a), φH(b)).

Similarly,

ΦG(N(trHK(x))) = N(φH(trHK(x)))

= N(trHK(φK(x)))

= trGHtr
H
K(F (φK(x)))

and

ΦG(trGHtr
H
K(F (x))) = trGHtr

H
K(ΦK(F (x)))

= trGHtr
H
K(φ

@|G/H|
K (F (x))).
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The polynomial F (x) lies in M@|G/H|(H/K) and is universally determined by G. Thus,

φ
@|G/H|
K (F (x)) = F (φK(x)) and Equation 2.2.2 holds.

Lastly we will show that ΦG commutes with the restriction map resGH by showing

that

resGHΦG(trGH(x)) = ΦHres
G
H(trGH(x)) (2.2.3)

for all trGH(x) in Im(trGH), and

resGHΦG(N(a)) = ΦHres
G
H(N(a)) (2.2.4)

for all generators N(a) in the Z{M(H/H)}-summand of (NG
HM)(G/G).

Equation 2.2.3 holds because

resGHΦG(trGH(x)) = resGHtr
G
H(φ

@|G/H|
H (x))

=
∑

γt∈WG(H)

γt · φ@|G/H|
H (x)

and

ΦHres
G
H(trGH(x)) = φ

@|G/H|
H

 ∑
γt∈WG(H)

γt · x


=

∑
γt∈WG(H)

γt · φ@|G/H|
H (x).
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Verifying Equation 2.2.4 is also straightforward:

resGHΦG(N(a)) = resGH(N(φH(a)))

= φH(a)⊗|G/H|

= φ@|G/H|(a⊗|G/H|)

= ΦH(a⊗|G/H|)

= ΦHres
G
H(N(a))

Therefore, the map NG
H :MackH →MackG is a functor.

Next we prove that the norm functor NG
H is strong symmetric monoidal.

Theorem 2.2.4. The functor NG
H is strong symmetric monoidal.

Proof. Given H-Mackey functors M and L we will define an isomorphism

Ψ : NG
HM @NG

HL→ NG
H (M @ L).

Hence, we will need to define isomorphisms

ΨK : (NG
HM @NG

HL)(G/K)→ NG
H (M @ L)(G/K)

for all subgroups K of G, and these isomorphisms must commute with the appropriate

restriction and transfer maps.

To define ΨK for K a subgroup of H we must first unpack (NG
HM @NG

HL)(G/K)

and (NG
H (M @ L))(G/K). Since

(NG
HM)(G/K) = M@|G/H|(H/K) and (NG

HL)(G/K) = L@|G/H|(H/K)
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it follows that

(NG
HM @NG

HL)(G/K) = (M@|G/H| @ L@|G/H|)(H/K).

If m1⊗· · ·⊗m|G/H|⊗ l1⊗· · ·⊗ l|G/H| is a simple tensor in (M@|G/H|@L@|G/H|)(H/K)

and γ is the generator of G then the Weyl group WG(K) acts on this simple tensor

by

γ · (m1 ⊗ · · · ⊗mp ⊗ l1 ⊗ · · · ⊗ lp) =

(γp ·mp)⊗m1 ⊗ · · · ⊗mp−1 ⊗ (γp · lp)⊗ l1 ⊗ · · · ⊗ lp−1

where γp is the generator WH(K). Further, NG
H (M@L)(G/K) = (M@L)@|G/H|(H/K).

A simple tensor of this group is

m1 ⊗ l1 ⊗m2 ⊗ l2 ⊗ · · · ⊗mp ⊗ lp

and has WG(K)-action

γ · (m1 ⊗ l1 ⊗m2 ⊗ l2 ⊗ · · · ⊗mp ⊗ lp) =

(γp · (mp ⊗ lp))⊗m1 ⊗ l1 ⊗m2 ⊗ l2 ⊗ · · · ⊗mp−1 ⊗ lp−1.

Because the box product is the symmetric monoidal product in MackG, we can let

ΨK : (M@|G/H| @ L@|G/H|)(H/K)→ (M @ L)@|G/H|(H/K)

be the natural isomorphism

m1 ⊗ · · · ⊗m|G/H| ⊗ l1 ⊗ · · · ⊗ l|G/H| 7→ m1 ⊗ l1 ⊗ · · · ⊗m|G/H| ⊗ l|G/H|
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that rearranges the box product factors.

It remains to define an isomorphism

ΨG : (NG
HM @NG

HL)(G/G)→ NG
H (M @ L)(G/G)

such that resGHΨG = ΨHres
G
H and trGHΨH = ΨGtr

G
H . Before we build ΨG we must

reexamine (NG
HM @NG

HL)(G/G) and NG
H (M @ L)(G/G). First,

(NG
HM @NG

HL)(G/G) =(
(NG

HM)(G/G)⊗ (NG
HL)(G/G)⊕ (M@|G/H| @ L@|G/H|)(H/H)/WG(H)

)
/FR.

Since (M@|G/H| @ L@|G/H|)(H/H)/WG(H) is the image of the transfer map

trGH : (NG
HM @ NG

HL)(G/H) → (NG
HM @ NG

HL)(G/G), we will denote this summand

by Im(trGH). To prevent notational confusion we will let TM denote the image of trGH

in (NG
HM)(G/G) and TL denote the image of trGH in (NG

HL)(G/G). Hence,

(NG
HM @NG

HL)(G/G) becomes

(
(Z{M(H/H)} ⊕ TM) /TRM ⊗ (Z{L(H/H)} ⊕ TL) /TRL ⊕ Im(trGH)

)
/FR,

but we can simplify this further. Frobenius reciprocity identifies all elements of TM

and TL with elements in Im(trGH). Then consider an element of the form (N(a+ b)−

N(a)−N(b))⊗ ~y in

(Z{M(H/H)} ⊕ TM) /TRM ⊗ (Z{L(H/H)} ⊕ TL) /TRL .

We can assume that ~y is a generator N(y) in Z{L(H/H)} because all elements of TM

and TL are identified with elements in Im(trGH). If we combine the relations induced
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by the submodule TRM with Frobenius reciprocity then for all a and b in M(H/H)

and y in L(H/H)

[N(a+ b)−N(a)−N(b)]⊗N(y) = trGH(g(a, b))⊗N(y)

= trGH [g(a, b)⊗ resGH(N(y))]

= trGH [g(a, b)⊗ y⊗|G/H|].

Similarly, given a generator N(z) in Z{M(H/H)} and N(a + b) − N(a) − N(b) in

Z{L(H/H)} for any a and b in L(H/H) we have

N(z)⊗ [N(a+ b)−N(a)−N(b)] = trGH [z⊗|G/H| ⊗ g(a, b)].

Moreover, we can identify all generators of the form N(trHK(x)) for any subgroup

K of H in both Z{M(H/H)} and Z{L(H/H)} with elements in Im(trGH). Therefore,

(NG
HM @NG

HL)(G/G) ∼=(
Z{M(H/H)/Im(tr)} ⊗ Z{L(H/H)/Im(tr)} ⊕ Im(trGH)

)
/ftr

where ftr is the submodule generated by

[N(a+ b)−N(a)−N(b)]⊗N(y)− trGH
(
g(a, b)⊗ y⊗|G/H|

)
and

N(z)⊗ [N(c+ d)−N(c)−N(d)]− trGH
(
z⊗|G/H| ⊗ g(c, d)

)
for all a, b, and z in M(H/H) and c, d, and y in L(H/H).
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Finally, the tensor product Z{M(H/H)/Im(tr)}⊗Z{L(H/H)/Im(tr)} is isomorphic

to Z{M(H/H)/Im(tr) × L(H/H)/Im(tr)}. Hence,

(NG
HM @NG

HL)(G/G) ∼=(
Z{M(H/H)/Im(tr) × L(H/H)/Im(tr)} ⊕ Im(trGH)

)
/ftr

and the submodule ftr is generated by

N((a+ b)× y)−N(a× y)−N(b× y)− trGH
(
g(a, b)⊗ y⊗|G/H|

)
and

N(z × (c+ d))−N(z × c)−N(z × d)− trGH
(
z⊗|G/H| ⊗ g(c, d)

)
for all a, b, and z in M(H/H) and c, d, and y in L(H/H).

Now consider NG
H (M @ L)(G/G). We have define this group by

NG
H (M @ L)(G/G) =(

Z{(M @ L)(H/H)} ⊕ (M @ L)@|G/H|(H/H)/WG(H)

)
/TR.

The summand (M @L)@|G/H|(H/H)/WG(H) is the image of the transfer map trGH , and

so we denote it by TM@L. Then since

(M @ L)(H/H) = (M(H/H)⊗ L(H/H)⊕ Im(tr))/FR

it follows that

NG
H (M @ L)(G/G) =(

Z{(M(H/H)⊗ L(H/H)⊕ Im(tr))/FR} ⊕ TM@L
)
/TR.
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But, by Frobenius reciprocity all elements of the form a ⊗ tr(b) and tr(a) ⊗ b in

M(H/H) ⊗ L(H/H) are identified with elements in Im(tr), and by Tambara reci-

procity all elements of Im(tr) are identified with elements of TM@L. Therefore,

NG
H (M @ L)(G/G) ∼=(

Z{M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr)} ⊕ TM@L
)
/ftr′

where ftr′ is the submodule generated by the elements

N(a⊗ b+ y ⊗ z)−N(a⊗ b)−N(y ⊗ z)− trGH(g(a⊗ b, y ⊗ z))

for all a⊗ b and y ⊗ z in M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr).

Hence, we will define a map ΨG : (NG
HM @NG

HL)(G/G)→ NG
H (M @ L)(G/G) by

defining two maps

ψ : Im(trGH)→ TM@L

ψ′ : Z{M(H/H)/Im(tr) × L(H/H)/Im(tr)} → Z{M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr)}

such that the following relations hold.

ψ′(N((a+ b)× y)−N(a× y)−N(b× y)) = ψ
(
trGH(g(a, b)⊗ y⊗|G/H|)

)
ψ′(N(z × (c+ d))−N(z × c)−N(z × d)) = ψ

(
trGH(z⊗|G/H| ⊗ g(c, d))

)
Since the submodule ImG

H(tr) = (M@|G/H| @ L@|G/H|)(H/H)/WG(H) and

TM@L = (M @L)@|G/H|(H/H)/WG(H), we can define the map ψ to be the isomorphism

induced from the isomorphism

ΨH : (M@|G/H| @ L@|G/H|)(H/H)
∼=−→ (M @ L)@|G/H|(H/H).
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Further, define ψ′ by ψ′(N(m× l)) = N(m⊗ l). Then given a and b in M(H/H)

and y in L(H/H)

ψ′(N((a+ b)× y)−N(a× y)−N(b× y))

= N((a+ b)⊗ y)−N(a⊗ y)−N(b⊗ y)

= N(a⊗ y + b⊗ y)−N(a⊗ y)−N(b⊗ y)

= trGH (g(a⊗ y, b⊗ y)) ,

but ψ(trGH(g(a, b)⊗ y⊗|G/H|)) = trGH(g(a⊗ y, b⊗ y)). Similarly,

ψ′(N(z × (c+ d))−N(z × c)−N(z × d)) = ψ(trGH(z⊗|G/H| ⊗ g(c, d)))

for all z in M(H/H) and c and d in L(H/H). Moreover, the construction of ΨG forces

resGHΨG to equal ΨHres
G
H and trGHΨH to equal ΨGtr

G
H .

Finally, to show that this well-define map is an isomorphism we will create the

following diagram of short exact sequences such that the maps α and β are isomor-

phisms. Then, by the Five Lemma, ΨG will an isomorphism as well.

0 // Im(trGH) //

α

��

(NG
HM @NG

HL)(G/G) //

ΨG
��

(NG
HM @NG

HL)(G/G)/Im(trGH)
//

β

��

0

0 // TM@L // NG
H (M @ L)(G/G) // NG

H (M @ L)(G/G)/TM@L
// 0

We will let the map α be the isomorphism ψ.

Before defining the map β we will simplify (NG
HM @ NG

HL)(G/G)/Im(trGH) and

NG
H (M @ L)(G/G)/TM@L . To begin, the group

(NG
HM @NG

HL)(G/G)/Im(trGH) = Z{M(H/H)/Im(tr) × L(H/H)/Im(tr)}/Q
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whereQ is the submodule generated by the elements N((a+b)×y)−N(a×y)−N(b×y)

and N(z × (c+ d))−N(z × c)−N(z × d) for all a, b, and z in M(H/H)/Im(trGH) and

c, d, and y in L(H/H)/Im(trGH). The group

NG
H (M @ L)(G/G)/TM@L = Z{M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr)}/Q′

where Q′ is the submodule generated by N(a⊗b+x⊗y)−N(a⊗b)−N(x⊗y) for all

a⊗ b and x⊗ y in M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr). Hence, NG
H (M @ L)(G/G)/TM@L

is isomorphic to M(H/H)/Im(tr) ⊗ L(H/H)/Im(tr). We define

β : (NG
HM @NG

HL)(G/G)/Im(trGH) → NG
H (M @ L)(G/G)/TM@L

by

β(N(m× l)) = ψ′(N(m× l)).

But, ψ′(N(m × l)) = N(m ⊗ l) ∼= m ⊗ l, and so the map β is an isomorphism by

definition of the tensor product. Further, it is clear by construction of ΨG that the

diagram of short exact sequences commutes.. Therefore, by the five lemma, the map

ΨG is an isomorphism.

2.2.2 Part 2: H is Any Subgroup of G

We will now extend the definition of the norm functor NG
H : MackH → MackG to

any subgroup H of G. Throughout this section let γ be the generator of G, H be

Cpk for some k < n − 1, and M be an H-Mackey functor. The restriction i∗HN
G
HM

must still equal M@|G/H|, and hence, if H ′ is a subgroup of H then (NG
HM)(G/H ′) =
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M@|G/H|(H/H ′). The generator γ of WG(H ′) acts on simple tensors of M@|G/H|(H/H ′)

by

γ · (me ⊗mγ ⊗ · · · ⊗mγpn−k−1) = (γp
n−k ·m

γpn−k−1)⊗me ⊗mγ ⊗ · · · ⊗mγpn−k−2

where γp
n−k

is the generator of WH(H ′).

Remark 2.2.6. As we did in Remark 2.2.2 for any subgroup H ′ of H we can write

a simple tensor

me ⊗mγ ⊗ · · · ⊗mpn−k−1

in M@|G/H|(H/H ′) as a product over the WG(H ′)-action:

(me ⊗ 1⊗p
n−k−1)γ(mγ ⊗ 1⊗p

n−k−1) · · · γpn−k−1(m
γpn−k−1 ⊗ 1⊗p

n−k−1).

This concept remains valid even when considering the Cartesian product

M(H/H)×|G/K| for a subgroup K of G such that K = Cpi and H < K < G.

Letting η = pn−i, this Cartesian product supports a WG(K)-action given by

γ(me ×mγ × · · · ×mγη−1) = mγη−1 ×me ×mγ × · · · ×mγη−2 .

Thus, we can write an element

me ×mγ × · · · ×mγη−1

in M(H/H)×|G/K| as the following product over the WG(K)-action.

(me × 1×(η−1))γ(mγ × 1×(η−1)) · · · γη−1(mγ(η−1) × 1×(η−1))
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If K ′ is a subgroup Cpr such that H < K ′ < K then we can embed the element

me × · · · ×mγη−1 in M(H/H)×|G/K
′| by

me × · · · ×mγη−1 7→ me × · · · ×mγη−1 × 1×|G/K
′|−η.

Moreover, we can consider an element

me ×mγ × · · · ×mγ|G/K′|−1

in M(H/H)×|G/K
′| as a product over the WK(K ′)-action since we can write

me ×mγ × · · · ×mγ|G/K′|−1

= (me × · · · ×mγη−1)× (mγη × · · · ×mγ2η−1)× · · · × (m
γ(p

i−r−1)η × · · · ×mγ|G/K′|−1)

= (me × · · · ×mγη−1 × 1×|G/K
′|−η)γη(mγη × · · · ×mγ2η−1 × 1×|G/K

′|−η) · · ·

· · · γ(pi−r−1)η(m
γ(p

i−r−1)η × · · · ×mγ|G/K′|−1 × 1×|G/K
′|−η).

Thus, given elements

A = me × · · · × aγj × · · · ×mγη−1 × 1×|G/K
′|−η

and

B = me × · · · × bγj × · · · ×mγη−1 × 1×|G/K
′|−η,

in M(H/H)×|G/K
′|, we can make sense of evaluating the monomials (~ab)K

′
i of Equation

1.4.2 at A, B, and their WK(K ′)-conjugates. Every monomial (~ab)K
′

i is a product of

the elements a, b, and their WK(K ′)-conjugates and consists only of elements γsa and

γsb. They do not contain elements of the form γsam and γsbm for m > 1. Therefore,
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when we evaluate (~ab)K
′

i at A, B, and their WK(K ′)-conjugates we obtain a single

product in M(H/H)×|G/K
′|.

For example, in a C16-Tambara functor, Equation 1.4.2 for NC8
C2

(a+ b) is

NC8
C2

(a+ b) = (2.2.5)

NC8
C2

(a) +NC8
C2

(b) + trC8
C2

(gC2(a, b)) + trC8
C4

(
NC4
C2

((~ab)C4)
)

where (~ab)C4 = aγ2b. Given a C2-Mackey functor M, consider the elements ae ×mγ

and be×mγ in M(C2/C2)×|C16/C8|. We can embed these elements in M(C2/C2)×|C16/C4|

by writing them as ae ×mγ × 1 × 1 and be ×mγ × 1 × 1. Evaluating aγ2b at these

elements gives

(ae ×mγ × 1× 1)γ2(be ×mγ × 1× 1) = (ae ×mγ × 1× 1)(1× 1× be ×mγ)

= ae ×mγ × be ×mγ.

Similarly, we can embed an element me × · · · ×mγη−1 of M(H/H)×|G/K| in

M(H/H)⊗|G/H| by

me × · · · ×mγη−1 7→ me ⊗ · · · ⊗mγη−1 ⊗ 1|G/H|−η,

and we can write any simple tensor

me ⊗ · · · ⊗mγη−1 ⊗mγη ⊗ · · · ⊗mγ|G/H|−1

in M(H/H)⊗|G/H| as a product over the WK(H)-action. Hence, it makes sense to

evaluate the polynomial gH(a, b) of Equation 1.4.2 at

me ⊗ · · · ⊗mγj−1 ⊗ aγj ⊗mγj+1 ⊗ · · · ⊗mγη−1 ⊗ 1⊗|G/H|−η,
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me ⊗ · · · ⊗mγj−1 ⊗ bγj ⊗mγj+1 ⊗ · · · ⊗mγη−1 ⊗ 1⊗|G/H|−η,

and their WK(H)-conjugates.

For example, a monomial in gC2(a, b) of Equation 2.2.5 is aγ2aγ4aγ6b. The elements

ae ×mγ and be ×mγ of M(C2/C2)×|C16/C8| embed into M(C2/C2)⊗|C16/C2| as

ae ⊗mγ ⊗ 1⊗6 and be ⊗mγ ⊗ 1⊗6, respectively. Thus, we can evaluate aγ2aγ4aγ6b at

these elements and their WC8(C4)-conjugates:

(ae ⊗mγ ⊗ 1⊗6)γ2(ae ⊗mγ ⊗ 1⊗6)γ4(ae ⊗mγ ⊗ 1⊗6)γ6(be ⊗mγ ⊗ 1⊗6)

= (ae ⊗mγ ⊗ 1⊗6)(1⊗2 ⊗ ae ⊗mγ ⊗ 1⊗4)(1⊗4 ⊗ ae ⊗mγ ⊗ 1⊗2)(1⊗6 ⊗ be ⊗mγ)

= ae ⊗mγ ⊗ ae ⊗mγ ⊗ ae ⊗mγ ⊗ be ⊗mγ.

Furthermore, given an element

me × · · · ×mγj−1 × trHH′(x)γj ×mγj+1 × · · · ×mγη−1

in M(H/H)×|G/K| we can consider the corresponding element

resHH′(me)⊗ · · · ⊗ resHH′(mγj−1)⊗ xγj ⊗ resHH′(mγj+1)⊗ · · · ⊗ resHH′(mγη−1)⊗ 1⊗|G/H|−η

in M(H/H ′)⊗|G/H|. Since the polynomial f(x) of Equation 1.4.6 consists only of mono-

mials containing single powered elements it makes sense to evaluate f(x) at

resHH′(me)⊗ · · · ⊗ xγj ⊗ · · · ⊗ resHH′(mγη−1)⊗ 1⊗|G/H|−η

and its WK(H ′)-conjugates to obtain a simple tensor in M⊗|G/H|(H/H).

For example, in a C16-Tambara functor, Equation 1.4.6 for NC8
C2

(trC2
e (x)) is

NC8
C2

(trC2
e (x)) = trC8

e (f(x)),
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and one of the monomials in f(x) is xγ2xγ12xγ6x. Consider the element trC2
e (x)×mγ

in M(C2/C2)×|C16/C8|. We can evaluate the above monomial at x ⊗ resC2
e (mγ) ⊗ 1⊗6

and its WC8(e)-conjugates.

(
x⊗ resC2

e (mγ)⊗ 1⊗6
)
γ2
(
x⊗ resC2

e (mγ)⊗ 1⊗6
)

γ12
(
x⊗ resC2

e (mγ)⊗ 1⊗6
)
γ6
(
x⊗ resC2

e (mγ)⊗ 1⊗6
)

=
(
x⊗ resC2

e (mγ)⊗ 1⊗6
) (

1⊗2 ⊗ x⊗ resC2
e (mγ)⊗ 1⊗4

)
(
1⊗4 ⊗ γ8x⊗ γ8resC2

e (mγ)⊗ 1⊗2
) (

1⊗6 ⊗ x⊗ resC2
e (mγ)

)
= x⊗ resC2

e (mγ)⊗ x⊗ resC2
e (mγ)⊗ γ8x⊗ γ8resC2

e (mγ)⊗ x⊗ resC2
e (mγ)

We now provide a complete definition of the norm functorNG
H :MackH →MackG

for a nonmaximal subgroup H of G. We will then prove that for all subgroups H and

K of G such that H < K < G the map NG
H is isomorphic to the composition NG

KN
K
H .

The proof that NG
H is, in fact, a symmetric monoidal functor for all H is an easy

corollary of this result.

Definition 2.2.5. Given an H-Mackey functor M define the norm functor NG
H :

MackH →MackG as follows. If H ′ is a subgroup of H then define

(NG
HM)(G/H ′) := M@|G/H|(H/H ′).

The WG(H ′)-action on a simple tensor is given by

γ · (me ⊗mγ ⊗ · · · ⊗mγpn−k−1) = (γp
n−k ·m

γpn−k−1)⊗me ⊗mγ ⊗ · · · ⊗mγpn−k−2

where γp
n−k

as the generator of WH(H ′). If H ′ < H ′′ < H then the restriction

map resH
′′

H′ and the transfer map trH
′′

H′ are the restriction and transfer maps given in
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Definition 1.2.1. If K is any subgroup Cpi of G such that k < i ≤ n then define

(NG
HM)(G/K) :=

(
Z{M(H/H)×|G/K|} ⊕

(
(NG

HM)(G/Cpi−1)
)
/WK(Cpi−1 )

)
/FTR.

1. For me ×mγ × · · · ×mγpn−i−1 in M(H/H)×|G/H| let

N(me ×mγ × · · · ×mγpn−i−1)

denote the corresponding generator of Z{M(H/H)×|G/K|}. The generator γ of

WG(K) acts on this generator by

γ ·N(me ×mγ × · · · ×mγpn−i−1) = N(mγpn−i−1 ×me ×mγ × · · · ×mγpn−i−2).

2. The transfer map trKCpi−1
is the canonical quotient map onto(

(NG
HM)(G/Cpi−1)

)
/WK(Cpi−1 ). We will refer to

(
(NG

HM)(G/Cpi−1)
)
/WK(Cpi−1 )

as Im(trKCpi−1
) and an element in this summand as trKC

pj
(~x) for some ~x in

(NG
HM)(G/Cpi−1).

3. The restriction map resKCpi−1
is given by

resKCpi−1
(trKC

pj
(~x)) =

∑
γs∈WK(Cpi−1 )

γs · ~x

and

resKCpi−1
(N(me × · · · ×mγpn−i−1))

=


N
(

(me × · · · ×mγpn−i−1)×|K/Cpi−1 |
)

if Cpi−1 > H

(me ⊗ · · · ⊗mγpn−i−1)⊗|K/Cpi−1 | if Cpi−1 = H
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4. The submodule FTR is generated by elements of the form

N(me ×mγ × · · · × (aγj + bγj )× · · · ×mγpn−i−1) (2.2.6)

− N(me ×mγ × · · · × aγj × · · · ×mγpn−i−1)

− N(me ×mγ × · · · × bγj × · · · ×mγpn−i−1)

−
∑

H<K′<K

trKK′

(∑
i

N
(

(
−−−→
aγjbγj )

K′
i

))
− trKH

(
g(aγj , bγj )

)
and

N(me ×mγ × · · · × trHH′(x)γj × · · · ×mγpn−i−1)− trKH′
(
f(xγj)

)
(2.2.7)

for all a and b in M(H/H), x in M(H/H ′), γj such that e ≤ γj ≤ γp
n−i−1 and

subgroups H ′ of H. The term (
−−−→
aγjbγj)

K′
i is the monomial (~ab)K

′
i of Equation

1.4.2 evaluated at

me ×mγ × · · · × aγj × · · · ×mγp
n−i−1 × 1×|G/K

′|−|G/K|,

me ×mγ × · · · × bγj × · · · ×mγpn−i−1 × 1×|G/K
′|−|G/K|,

and their WK(K ′)-conjugates. The polynomial g(aγj , bγj) is the polynomial

gH(a, b) of Equation 1.4.2 evaluated at

me ⊗ · · · ⊗ aγj ⊗ · · · ⊗mγη−1 ⊗ 1⊗|G/H|−|G/K|,

me ⊗ · · · ⊗ bγj ⊗ · · · ⊗mγη−1 ⊗ 1⊗|G/H|−|G/K|,

and their WK(H)-conjugates as discussed in Remark 2.2.6. The polynomial

f(xγj) is the polynomial f(x) of Equation 1.4.6 evaluated at

resHH′(me)⊗ resHH′(mγ)⊗ · · · ⊗ xγj ⊗ · · · ⊗ resHH′(mγpn−i−1)⊗ 1⊗|G/H|−|G/K|



73

also discussed in Remark 2.2.6.

It is not obvious that the submodule FTR in (NG
HM)(G/K) isWG(K)-equivariant.

But, since γ is the generator of WG(K), in Relation 2.2.6 we have

γ ·
[
N(me × · · · × (a+ b)γj × · · · ×mγpn−i−1)

−N(me × · · · × aγj × · · · ×mγpn−i−1)−N(me × · · · × bγj × · · · ×mγpn−i−1)
]

= N(m
γpn−i−1 ×me × · · · × (a+ b)γj+1 × · · · ×mγpn−i−2)

−N(m
γpn−i−1 ×me × · · · × aγj+1 × · · · ×mγpn−i−2)

−N(m
γpn−i−1 ×me × · · · × bγj+1 × · · · ×mγpn−i−2).

Moreover, γ · g(aγj , bγj) is the polynomial gH(a, b) of Equation 1.4.2 evaluated at

mγpn−i−1 ⊗me ⊗ · · · ⊗ aγj+1 ⊗ · · · ⊗mγpn−i−2 ⊗ 1⊗|G/H|−|G/K|,

mγpn−i−1 ⊗me ⊗ · · · ⊗ bγj+1 ⊗ · · · ⊗mγpn−i−2 ⊗ 1⊗|G/H|−|G/K|,

and their Weyl conjugates, and γ · (
−−−→
aγjbγj)

K′
i is the monomial (~ab)K

′
i of Equation 1.4.2

evaluated at

mγpn−i−1 ×me × · · · × aγj+1 × · · · ×mγpn−i−2 × 1×|G/K
′|−|G/K|,

mγpn−i−1 ×me × · · · × bγj+1 × · · · ×mγpn−i−2 × 1×|G/K
′|−|G/K|,

and their Weyl conjugates, and thus Relation 2.2.6 holds under the WG(K)-action.

Because trKH′(f(xγj)) is an element in (NG
HM)(G/Cpi−1)/WK(Cpi−1 ), a similar argument

will show that Relation 2.2.7 is WG(K)-equivariant.
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Example 2.2.7. Let M be a C2-Mackey functor. The C8-Mackey functor NC8
C2
M is

shown in Figure 2.1. The submodule FTRC4 is generated by

(
Z{M(C2/C2)} ⊕

Im(tr
C8
C4

)︷ ︸︸ ︷
(NG

HM)(C8/C4)/WC8
(C4)

)
/FTRC8

res
C8
C4

��(
Z{M(C2/C2)×M(C2/C2)} ⊕

Im(tr
C4
C2

)︷ ︸︸ ︷
M@4(C2/C2)/WC4

(C2)

)
/FTRC4

res
C4
C2

$$

tr
C8
C4

aa

M@|C8/C2|(C2/C2)

res
C2
e

&&

tr
C4
C2

bb

M(C2/e)
⊗|C8/C2|

tr
C2
e

ff

Figure 2.1: The Mackey Functor Diagram for NC8
C2
M

N((ae + be)×mγ)−N(ae +mγ)−N(be +mγ)− trC4
C2

(ae ⊗mγ ⊗ be ⊗mγ),

N(me + (aγ + bγ))−N(me + aγ)−N(me + bγ)− trC4
C2

(me ⊗ aγ ⊗me ⊗ bγ),

N(trC2
e (x)⊗mγ)− trC4

e (x⊗ resC2
e (mγ)⊗ x⊗ resC2

e (mγ)), and

N(me ⊗ trC2
e (x))− trC4

e (resC2
e (me)⊗ x⊗ resC2

e (me)⊗ x),
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and FTRC8 is generated by

N(a+ b)−N(a)−N(b)

− trC8
C4

(N(a× b))− trC8
C2

(a⊗ a⊗ a⊗ b+ b⊗ b⊗ b⊗ a+ a⊗ a⊗ b⊗ b), and

N(trC2
e (a))− trC8

C2
(a⊗ a⊗ a⊗ a+ a⊗ γ4a⊗ a⊗ a).

Further, resC8
C4

(N(a)) = N(a× a) and resC4
C2

(N(me ×mγ)) = me ⊗mγ ⊗me ⊗mγ.

When K = G Definition 2.2.5 gives

(NG
HM)(G/G) =

(
Z{M(H/H)} ⊕ Im(trGCpn−1

)
)
/FTR.

This definition is analogous to the definition of (NG
HM)(G/G) given in Definition

2.2.1, and we can still define the following map.

Definition 2.2.6. Define the map N : M(H/H) → (NG
HM)(G/G) by letting N(a)

be the corresponding generator in the free summand Z{M(H/H)} of (NG
HM)(G/G).

To show that a G-commutative monoid has the structure of a Tambara functor we

need this map N : M(G/H)→ (NG
H i
∗
HM)(G/G) to extend to the internal norm map

NG
H : M(G/H)→ M(G/G) of M. Thus, we quotient out by the FTR submodule to

force the relations between the internal norm map and the transfer map described

in Properties 4 and 5 of Definition 1.4.2. But, in order for a G-commutative monoid

to be a Tambara functor we also need Property 2 of Definition 1.4.2 to hold. In

particular, the internal norm map NG
H must equal NG

KN
K
H whenever H < K < G.

Therefore, we must show that the map NG
H : MackH → MackG to be naturally

isomorphic to the composition NG
KN

K
H .
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Moreover, ifNG
H is isomorphic toNG

KN
K
H for all subgroupsK such thatH < K < G

then since we have shown that NG
H is a symmetric monoidal functor when H is

maximal in G, it will follow that NG
H is a symmetric monoidal functor for any subgroup

H of G.

Theorem 2.2.7. Suppose that H < K < G and the maps NG
K : MackK →MackG

and NK
H : MackH → MackK are as defined in Definition 2.2.5. Then the map

NG
H :MackH →MackG is naturally isomorphic to the composition NG

KN
K
H .

Proof. Using induction on n it will suffice to show that NG
H is naturally isomorphic

to NG
Cpn−1

N
Cpn−1

H . We will write N j
m for N

C
pj

Cpm
, and thus, given an H-Mackey functor

M, (since H = Cpk ,) we will construct an isomorphism Φ : Nn
n−1N

n−1
k M → Nn

kM by

defining isomorphisms ΦK : (Nn
n−1N

n−1
k M)(G/K)→ (Nn

kM)(G/K) for all subgroups

K of G such that each ΦK is compatible with the appropriate restriction and transfer

maps.

We will first define ΦK for K a subgroup of H. If K ≤ H then

(Nn
n−1N

n−1
k M)(G/K) = (Nn−1

k M)@|G/Cpn−1 |(Cpn−1/K)

= (Nn−1
k M e @Nn−1

k Mγ @ · · · @Nn−1
k Mγp−1)(Cpn−1/K)

where Nn−1
k Mγj denotes the copy of Nn−1

k M indexed by the element γj of G/Cpn−1 .

Similarly,

(Nn−1
k M)(Cpn−1/K) = M@|Cpn−1/H|(H/K)

= (M e @Mγp @ · · · @M
γpn−k−p)(H/K).
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Hence,

(Nn
n−1N

n−1
k M)(G/K) =

(
M@|Cpn−1/H|

)@|G/Cpn−1 |
(H/K)

= (Me @ · · · @M
γpn−k−p @Mγ @ · · · @M

γpn−k−p+1 @ · · ·

· · · @Mγp−1 @ · · · @M
γpn−k−1)(H/K),

and we denote a simpler tensor of (Nn
n−1N

n−1
k M)(G/K) by(

α⊗
i=0

mγip

)
⊗

(
α⊗
i=0

mγip+1

)
⊗ · · · ⊗

(
α⊗
i=0

mγip+p−1

)

where α = pn−k−1 − 1. Then the generator γ of the Weyl group WG(K) acts on this

element by

γ ·

((
α⊗
i=0

mγip

)
⊗

(
α⊗
i=0

mγip+1

)
⊗ · · · ⊗

(
α⊗
i=0

mγip+p−1

))

=

(
γp−1 ·

α⊗
i=0

mγip+p−1

)
⊗

(
α⊗
i=0

mγip

)
⊗ · · · ⊗

(
α⊗
i=0

mγip+p−2

)
.

The element γp−1 is the generator of the Weyl group WCpn−1 (K), and

γp−1 ·
α⊗
i=0

mγip+p−1 = γp−1 ·
(
mγp−1 ⊗ · · · ⊗m

γpn−k−1

)
= (γp

n−k ·m
γpn−k−1)⊗mγp−1 ⊗ · · · ⊗m

γpn−k−p−1

where γp
n−k

is the generator of WH(K).

On the other hand,

(Nn
kM)(G/K) = M@|G/H|(H/K)

= (M e @Mγ @ · · · @M
γpn−k−2 @M

γpn−k−1)(H/K),
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and the WG(K)-action is given by

γ · (me ⊗mγ ⊗ · · · ⊗mγpn−k−2 ⊗mγpn−k−1) =

(γp
n−k ·m

γpn−k−1)⊗me ⊗mγ ⊗ · · · ⊗mγpn−k−2 .

Therefore, we define the map

ΦK :
(
M@|Cpn−1/H|

)@|G/Cpn−1 |
(H/K)→M@|G/H|(H/K)

to be the isomorphism that rearranges the indices. More specifically, the map ΦK

sends

(M e@ · · ·@Mγpn−k−p)@ (Mγ @ · · ·@M
γpn−k−p+1)@ · · ·@ (Mγp−1 @ · · ·@M

γpn−k−1)(H/K)

to

(M e @Mγ @Mγ2 @ · · · @M
γpn−k−2 @M

γpn−k−1)(H/K).

This map is an isomorphism that commutes with the appropriate restriction and

transfer maps because the box product is the symmetric monoidal product in the

category of Mackey functors.

Next we will define ΦK for K = Cpk+1 . The subgroup H is now maximal in K,

and

(Nn
n−1N

n−1
k M)(G/K) = (Nn−1

k M e @Nn−1
k Mγ @ · · · @Nn−1

k Mγp−1)(Cpn−1/K).
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By Remark 1.2.2 it follows that

(Nn−1
k M e @Nn−1

k Mγ @ · · · @Nn−1
k Mγp−1)(Cpn−1/K) =((

p−1⊗
i=0

(Nn−1
k M)(Cpn−1/K)γi

)
⊕ Im(trKH )

)
/FR

where Im(trKH ) =
(
M@|Cpn−1/H|

)@|G/Cpn−1 |
(H/H)/WK(H). Further,

(Nn−1
k M)(Cpn−1/K) =

(
Z{M(H/H)×|Cpn−1/K|} ⊕ T

)
/FTR.

The summand T is (Nn−1
k M)(Cpn−1/H)/WK(H) and letting β be pn−k−2 − 1, we

write N(me × mγp × · · · × mγβp) for a generator of Z{M(H/H)×|Cpn−1/K|}. When

we quotient (Nn
n−1N

n−1
k M)(G/K) out by the Frobenius reciprocity submodule we

identify all elements in T with elements in Im(trKH ), and hence,

(Nn
n−1N

n−1
k M)(G/K) ∼=

((
p−1⊗
i=0

Z
{
M(H/H)×|Cpn−1/K|

}
γi

)
⊕ Im(trKH )

)
/
F̃ TR

.

We denote a generator of the (γi)th-copy of Z{M(H/H)×|Cpn−1/K|} by either

N(mγi ×mγp+i × · · · ×mγβp+i)

or N(~mγi) for short.

The elements that generate F̃ TR result from fusing the FTR submodule of every

(Nn−1
k M)(G/K)γi with Frobenius reciprocity. In particular, this fusion induces the

following relations for all indices γωp+i, elements a and b in M(H/H), subgroups H ′
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in H and x in M(H/H ′).

N(~me)⊗ · · · ⊗N(mγi × · · · × (aγωp+i + bγωp+i)× · · · ×mγβp+i)⊗ · · · ⊗N(~mγp−1)

−N(~me)⊗ · · · ⊗N(mγi × · · · × aγωp+i × · · · ×mγβp+i)⊗ · · · ⊗N(~mγp−1)

−N(~me)⊗ · · · ⊗N(mγi × · · · × bγωp+i × · · · ×mγβp+i)⊗ · · · ⊗N(~mγp−1)

≈ N(~me)⊗ · · · ⊗ trKH (g(aγωp+i , bγωp+i))⊗ · · · ⊗N(~mγp−1)

≈ trKH (resKHN(~me)⊗ · · · ⊗ g(aγωp+i , bγωp+i)⊗ · · · ⊗ resKHN(~mγp−1))

≈ trKH ((me ⊗ · · · ⊗mγβp)⊗p ⊗ · · · ⊗ g(aγωp+i , bγωp+i)⊗ · · · ⊗ (mγp−1 ⊗ · · · ⊗m
γpn−k−1−1)⊗p)

and

N(~me)⊗ · · · ⊗N(mγi × · · · × trHH′(x)γωp+i × · · · ×mγβp+i)⊗ · · · ⊗N(~mγp−1)

≈ N(~me)⊗ · · · ⊗ trKH′(f(xγωp+i))⊗ · · · ⊗N(~mγp−1)

≈ trKH
(
resKHN(~me)⊗ · · · ⊗ trHH′(f(xγωp+i))⊗ · · · ⊗ resKHN(~mγp−1)

)
≈ trKH

(
(~me)

⊗p ⊗ · · · ⊗ trHH′(f(xγωp+i))⊗ · · · ⊗ (~mγp−1)⊗p
)
.

The polynomials g(aγωp+i , bγωp+i) and f(xγωp+i) are defined in Definition 2.2.5.

Further, because
p−1⊗
i=0

Z
{
M(H/H)×|Cpn−1/K|

}
γi

is isomorphic to

Z

{
p−1∏
i=0

(
M(H/H)×|Cpn−1/K|

)
γi

}
it follows that

(Nn
n−1N

n−1
k M)(G/K) ∼=(

Z

{
p−1∏
i=0

(
M(H/H)×|Cpn−1/K|

)
γi

}
⊕ Im(trKH )

)
/
F̃ TR
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and a generator of the first summand is

N(me ×mγp × · · · ×mγβp ×mγ ×mγp+1 × · · · ×mγβp+1 × · · ·

· · · ×mγp−1 × · · · ×mγβp+p−1),

which we abbreviate to

N (~me × ~mγ × · · · × ~mγp−1) .

Then the submodule F̃ TR is generated by elements of the form

N
(
~me × · · · × (mγi × · · · × (aγωp+i + bγωp+i)× · · · ×mγβp+i)× · · · × ~mγp−1

)
− N

(
~me × · · · × (mγi × · · · × aγωp+i × · · · ×mγβp+i)× · · · × ~mγp−1

)
− N

(
~me × · · · × (mγi × · · · × bγωp+i × · · · ×mγβp+i)× · · · × ~mγp−1

)
− trKH ((~me)

⊗p ⊗ · · · ⊗ g(aγωp+i , bγωp+i)⊗ · · · ⊗ (~mγp−1)⊗p)

and

N
(
~me × · · · × (mγi × · · · × trHH′(x)γωp+i × · · · ×mγβp+i)× · · · × ~mγp−1

)
− trKH ((~me)

⊗p ⊗ · · · ⊗ trHH′
(
f(xγωp+i)

)
⊗ · · · ⊗ (~mγp−1)⊗p)

for all e ≤ γωp+i ≤ γβp+p−1, a and b in M(H/H), H ′ < H, and x in M(H/H ′). Since

the Weyl group WG(K) acts by

γ ·N
(
me × · · · ×mγβp ×mγ × · · · ×mγβp+1 × · · · ×mγp−1 × · · · ×mγβp+p−1

)
=

N
(
mγβp+p−1 ×mγp−1 × · · · ×mγ(β−1)p+p−1 ×me × · · · ×mγβp × · · ·

)
,

the submodule F̃ TR is Weyl equivariant.
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Per contra,

(Nn
kM)(G/K) =

(
Z{M(H/H)×|G/K|} ⊕M |G/H|(H/H)/WK(H)

)
/FTR,

and a generator of the free summand is given by

N(me ×mγ ×mγ2 × · · · ×mγpn−k−1−1).

Therefore, we define the map

ΦK : (Nn
n−1N

n−1
k M)(G/K)→ (Nn

kM)(G/K)

by defining two maps

φK :
(
M@|Cpn−1/H|

)@|G/Cpn−1 |
(H/H)/WK(H) →M@|G/H|(H/H)/WK(H)

φ′K : Z

{
p−1∏
i=0

(
M(H/H)×|Cpn−1/K|

)
γi

}
→ Z

{
M(H/H)×|G/K|

}
.

We define the map φK to be the isomorphism induced from the isomorphism

ΦH :
(
M@|Cpn−1/H|

)@|G/Cpn−1 |
(H/H)→M@|G/H|(H/H)

described above, and the map φ′K is the isomorphism that rearranges the indices of a

generator N(~me × ~mγ × · · · × ~mγp−1). In particular, φ′K maps

N
(
me ×mγp × · · · ×mγβp ×mγ ×mγp+1 × · · · ×mγβp+1 × · · · ×mγp−1 × · · · ×mγβp+p−1

)
to

N(me ×mγ ×mγ2 × · · · ×mγpn−k−1−2 ×mγpn−k−1−1).
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The isomorphisms φK and φK′ pass to a well-defined map ΦK , and a Five Lemma

argument analogous to the proof used in Theorem 2.2.4 shows that ΦK is an isomor-

phism. Moreover, this map commutes with the appropriate restriction and transfer

maps by construction.

Next we use induction to build isomorphisms

ΦCpi
: (Nn

n−1N
n−1
k M)(G/Cpi)→ (Nn

kM)(G/Cpi)

for k + 1 < i < n. Using an argument similar to the one above we can show that

(Nn
n−1N

n−1
k M)(G/Cpi) is isomorphic to(

Z

{
p−1∏
r=0

(
M(H/H)×|Cpn−1/Cpi |

)
γr

}
⊕ (Nn

n−1N
n−1
k M)(G/Cpi−1)/WC

pi
(Cpi−1 )

)
/
F̃ TR

where F̃ TR is the submodule generated by

N
(
~me × · · · × (mγr × · · · × (aγj + bγj )× · · · ×mγδp+r)× · · · × ~mγp−1

)
− N

(
~me × · · · × (mγr × · · · × aγj × · · · ×mγδp+r)× · · · × ~mγp−1

)
− N

(
~me × · · · × (mγr × · · · × bγj × · · · ×mγδp+r)× · · · × ~mγp−1

)
−

∑
H<K′<Cpi

tr
Cpi

K′

(
N

(
(~me)

×|Cpi/K
′| × · · · ×

∑
i

(
−−−→
aγjbγj )

K′
i × · · · × (~mγp−1)×|Cpi/K

′|
))

− tr
Cpi

H

(
(~me)

⊗|Cpi/H| ⊗ · · · ⊗ g(aγj , bγj )⊗ · · · ⊗ (~mγp−1)⊗|Cpi/H|
)

and

N
(
~me × · · · × (mγr × · · · × trHH′(x)γj × · · · ×mγδp+r)× · · · × ~mγp−1

)
− tr

Cpi

H ((~me)
⊗p ⊗ · · · ⊗ trHH′

(
f(xγj )

)
⊗ · · · ⊗ (~mγp−1)⊗p)
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for δ = pn−i−1 − 1 and for all e ≤ γj ≤ γδp+p−1, a and b in M(H/H), H ′ < H, and x

in M(H/H ′). The group

(Nn
kM)(G/Cpi) =

(
Z
{
M(H/H)×|G/Cpi |

}
⊕ (Nn

kM)(G/Cpi)/WC
pi

(Cpi−1 )

)
/FTR.

We can define a map ΦCpi
by defining two maps

φCpi : (Nn
n−1N

n−1
k M)(G/Cpi−1)/WC

pi
(Cpi−1 ) → (Nn

kM)(G/Cpi)/WC
pi

(Cpi−1 )

φ′Cpi : Z

{
p−1∏
i=0

(
M(H/H)×|Cpn−1/Cpi |

)
γi

}
→ Z

{
M(H/H)×|G/Cpi |

}
.

We can assume by induction that

ΦCpi−1
: (Nn

n−1N
n−1
k M)(G/Cpi−1)→ (Nn

kM)(G/Cpi−1)

is an isomorphism, and so we define φCpi to be the corresponding induced isomor-

phism. The map φ′Cpi is the isomorphism that appropriately rearranges the indices

of the generators of Z
{∏p−1

i=0

(
M(H/H)×|Cpn−1/Cpi |

)
γi

}
. These isomorphisms pass

to a well-defined map ΦCpi
, and, as above, a Five Lemma argument will show that

ΦCpi
is an isomorphism. Moreover, it is clear by construction that this isomorphism

commutes with the restriction and transfer maps.

Finally, it remains to define an isomorphism

ΦG : (Nn
n−1N

n−1
k M)(G/G)→ (Nn

kM)(G/G).

The group

(Nn
kM)(G/G) =(

Z{M(H/H)} ⊕ (Nn
kM)(G/Cpn−1)/WG(Cpn−1 )

)
/FTR,
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and (Nn
n−1N

n−1
k M)(G/G) simplifies nicely. Indeed,

(Nn
n−1N

n−1
k M)(G/G) =

(
Z{(Nn−1

k M)(Cpn−1/Cpn−1)} ⊕

Im(trGC
pn−1

)︷ ︸︸ ︷
(Nn

n−1N
n−1
k M)(G/Cpn−1)/WG(Cpn−1 )

)
/TR,

and

(Nn−1
k M)(Cpn−1/Cpn−1) =

(
Z{M(H/H)} ⊕

T︷ ︸︸ ︷
(Nn−1

k M)(Cpn−1/Cpn−2)/WC
pn−1

(Cpn−2 )

)
/FTR.

Thus, we will write

(Nn
n−1N

n−1
k M)(G/G) =

(
Z{(Z{M(H/H)} ⊕ T ) /FTR} ⊕ Im(trGCpn−1

)
)
/TR,

and we will let n(a) denote a generator of the free summand Z{M(H/H)} in

(Nn−1
k M)(Cpn−1/Cpn−1). We can identify all elements of T with elements of

Im(trGCpn−1
), and via Property 1.4.4 the formula for N(n(a+ b)) must be isomorphic

to the formula for N(a+b) in (Nn
kM)(G/G). Similarly, the formula for N(n(trHH′(x)))

must be isomorphic to the formula for N(trHH′(x)) in (Nn
kM)(G/G). Hence,

(Nn
n−1N

n−1
k M)(G/G) is isomorphic to

(
Z{M(H/H)} ⊕ (Nn

n−1N
n−1
k M)(G/Cpn−1)/WG(Cpn−1 )

)
/FTR,

and thus we can build an isomorphism ΦG by defining the two isomorphisms

φG : (Nn
n−1N

n−1
k M)(G/Cpn−1)/WG(Cpn−1 ) → (Nn

kM)(G/G)/WG(Cpn−1 )



86

and

φ′G : Z{M(H/H)} → Z{M(H/H)}.

The map φG is induced from the isomorphism ΦCpn−1 , and we let φ′G be the identity.

Therefore, we have defined an isomorphism Φ : Nn
n−1N

n−1
k M → Nn

kM. It follows that

NG
KN

K
HM is isomorphic to NG

HM whenever H < K < G.

Corollary 2.2.8. The map NG
H :MackH →MackG is a strong symmetric monoidal

functor for all subgroups H of G.

Proof. Using the notation of the previous proof, we denote NG
H by Nn

k . By Theorem

2.2.7, the map Nn
k is isomorphic to the composition

Nn
n−1N

n−1
n−2 · · ·Nk+2

k+1N
k+1
k ,

and by Theorems 2.2.3 and 2.2.4 each N i
i−1 is a strong symmetric monoidal functor.

Therefore, the map NG
H is a strong symmetric monoidal functor as well.

2.3 The New G-Symmetric Monoidal Structure

We can now use these norm functors NG
H :MackH →MackG to endow the category

of G-Mackey functors with a G-symmetric monoidal structure.

Theorem 2.3.1. The functor (−)⊗ (−) : S etFin,IsoG ×MackG →MackG given by

• ∅ ⊗M := A
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• G/H ⊗M := NG
H i
∗
HM for all orbits G/H of G, and

• (X q Y )⊗M := (X ⊗M) @ (Y ⊗M) for all X and Y in S etFinG

is a G-symmetric monoidal structure on MackG.

Proof. The functor (−)⊗ (−) is symmetric monoidal in the second factor because the

functor NG
H is strong symmetric monoidal. Moreover, if we restrict (−) ⊗ (−) down

to S etFin,Iso ×MackG, then X ⊗M = (∗ ⊗M)@|X|, and since

∗ ⊗M = G/G⊗M = NG
G i
∗
GM = M

it follows that this restriction is the canonical exponentiation map.

It remains to show that (−)⊗ (−) satisfies Property 3 of Definition 2.1.1. It will

suffice to show that (G/H × G/K) ⊗M = G/H ⊗ (G/K ⊗M) for all orbits G/K

and G/H. Assume that H = Cpk , K = Cpi , and i < k. Then the G-set G/H ×G/K

is isomorphic to qpn−kG/K, and so

(G/H ×G/K)⊗M ∼= (qpn−kG/K)⊗M

∼= (G/K ⊗M)@pn−k

∼= (NG
K i
∗
KM)@pn−k

∼= NG
K i
∗
K(M@pn−k).

Furthermore, G/H ⊗ (G/K ⊗M) = NG
H i
∗
HN

G
K i
∗
KM, but by Theorem 2.2.7

i∗HN
G
K i
∗
KM

∼= i∗HN
G
HN

H
K i
∗
KM

= (NH
K i
∗
KM)@pn−k .
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Because we are considering (NH
K i
∗
KM)@pn−k as an H-Mackey functor there is no

WG(H)-action, and hence by Theorem 2.2.4,

(NH
K i
∗
KM)@pn−k ∼= NH

K i
∗
K(M@pn−k),

and it follows that

G/H ⊗G/K ⊗M ∼= NG
HN

H
K i
∗
K(M@pn−k)

∼= NG
K i
∗
K(M@pn−k).

Therefore, G/H ⊗ (G/K ⊗M) is isomorphic to (G/H × G/K) ⊗M, and we have

endowed the category of G-Mackey functors with a G-symmetric monoidal structure.

2.3.1 Tambara Functors are the G-Commutative Monoids

Finally, we need to show that Tambara functors are now the G-commutative monoids

by proving the following theorem.

Theorem 2.3.2. A G-Mackey functor M has the structure of a G-Tambara functor

if and only if the functor (−) ⊗ M : S etFin,IsoG → MackG extends to a functor

(−)⊗M : S etFinG →MackG.

S etFin,IsoG

(−)⊗M//

��

MackG

S etFinG

88
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Before proving this theorem we need to extend the norm functor NG
H :MackH →

MackG to a functor NG
H : TambH → TambG of Tambara functors, and show that

this extension is left adjoint to the restriction functor i∗H : TambG → TambH that

takes a G-Tambara functor to its underlying H-Tambara functor.

Lemma 2.3.3. For all subgroups H of G the functor NG
H : MackH → MackG

canonically extends to a functor NG
H : TambH → TambG.

Proof. By Theorem 2.2.7 it suffices to let H be the maximal subgroup of G. To show

that the norm functor NG
H extends to a functor NG

H of Tambara functors we need

to show that if S is an H-Tambara functor then NG
HS is a G-Tambara functor. To

begin, let GreenH and GreenG be the categories of H-Green functors and G-Green

functors, respectively. Since NG
H :MackH →MackG is strong symmetric monoidal it

extends to a functor NG
H : GreenH → GreenG such that the diagram below commutes

where the vertical maps are the forgetful functors that send a Green functor to its

underlying Mackey functor.

GreenH
NG
H //

��

GreenG

��
MackH

NG
H //MackG

Thus, given an H-Tambara functor S the G-Mackey functor NG
HS will be a G-

Tambara functor if we can define the internal norm maps NK
K′ : (NG

HS)(G/K ′) →

(NG
HS)(G/K) for all subgroups K and K ′ of G. If K and K ′ are subgroups of H such

that K ′ < K then we denote the corresponding internal norm map of S by
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ÑK
K′ : S(H/K ′) → S(H/K). Moreover, in ([12], Proposition 9.1) Strickland shows

that the box product is the coproduct in the category of Tambara functors. Hence,

we can define the internal norm

NK
K′ : S@|G/H|(H/K ′)→ S@|G/H|(H/K)

of NG
HS by defining NK

K′ to be (ÑK
K′)

@|G/H|.

It remains to define the internal norm maps NG
K : (NG

HS)(G/K)→ (NG
HS)(G/G)

for all subgroups K in G. First, define the internal norm map NG
H : (NG

HS)(G/H)→

(NG
HS)(G/G) by the composition

S@|G/H|(H/H)
m−→ S(H/H)

N−→
(
Z{S(H/H)} ⊕ Im(trGH)

)
/TR.

The map m is the multiplication map of Definition 1.3.1, the map N is given in

Definition 2.2.2. If K is a subgroup of H then we let the internal norm map NG
K :

(NG
HS)(G/K)→ (NG

HS)(G/G) be the composition

S@|G/H|(H/K)
m−→ S(H/K)

ÑH
K−−→ S(H/H)

N−→ (NG
HS)(G/G).

The nature of the construction of (NG
HS)(G/G) forces these compositions to support

all of the properties of an internal norm map described in Definition 1.4.2. It follows

that the functor NG
H : MackH → MackG extends to a functor NG

H : TambH →

TambG.

Lemma 2.3.4. For all subgroups H in G the functor NG
H : TambH → TambG is left

adjoint to the restriction functor i∗H : TambG → TambH .



91

Proof. Let H be the maximal subgroup of G and TambG(S, S ′) be the set of mor-

phisms S → S ′. By Theorem 2.2.7 and the following formal property of adjunctions

it will suffice to show that there is a natural bijection

F : TambH(S, i∗HR)→ TambG(NG
HS,R)

for all R in TambG and S in TambH .

Property of Adjunctions 2.3.1. Suppose that L : C → C ′ and R : C ′ → C form an

adjoint pair, as do the functors L′ : C ′ → D and R′ : D → C ′. Then the composite

functors L′L : C → D and RR′ : D → C yield an adjoint pair as well [9].

A morphism Ψ in TambG(NG
HS,R) consists of a collection of ring homomorphisms

{ΨK : (NG
HS)(G/K)→ R(G/K) : K ≤ G}

that commute with the appropriate restriction, transfer and norm maps. But, we

have defined (NG
HS)(G/G) by

(NG
HS)(G/G) =

(
Z{S(H/H)} ⊕ Im(trGH)

)
/TR,

and every element in (NG
HS)(G/G) is either in the image of the transfer map trGH or is

a sum of elements in the image of the norm map NG
H . (Indeed, every generator N(a) in

Z{S(H/H)} is the norm of the element a⊗1⊗|G/H|−1 in (NG
HS)(G/H).) Thus, since we

require NG
HΨH to equal ΨGN

G
H and trGHΨH to equal ΨGtr

G
H , the ring homomorphism

ΨG : (NG
HS)(G/G) → R(G/G) is completely determined by ΨH . Moreover, for all
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subgroups K of H

(NG
HS)(G/K) = M@|G/H|(H/K),

and hence a morphism Ψ : NG
HS → R is completed determined by a collection of ring

homomorphisms

{ΨK : M@|G/H|(H/K)→ R(G/K) : K ≤ H}.

By Remark 1.2.3 the above set of maps determines and is determined by a collec-

tion of WG(K)-equivariant maps

{θK : S(H/K)⊗|G/H| → R(G/K) : K ≤ H}

such that whenever K is a subgroup of K ′ the maps θK and θK′ must satisfy

θK′ ◦ id⊗i−1 ⊗ trK′K ⊗ id⊗p−i = trK
′

K ◦ θK ◦ (resK
′

K )⊗i−1 ⊗ id⊗ (resK
′

K )⊗p−i for all i

θK ◦ (resK
′

K )⊗p = resK
′

K ◦ θK′ (2.3.1)

θK′ ◦ (NK′

K )⊗p = NK′

K ◦ θK .

But, each θK is determined by a WH(K)-equivariant map ΦK : S(H/K)→ R(G/K)

that commutes with the appropriate restriction, transfer and norm maps because we

can define

θK(se ⊗ sγ ⊗ · · · ⊗ sγp−1) = θK((se ⊗ 1⊗p−1)γ · (sγ ⊗ 1⊗p−1) · · · γp−1 · (sγp−1 ⊗ 1⊗p−1))

= ΦK(se)γ · ΦK(sγ) · · · γp−1 · ΦK(sγp−1).



93

It is straightforward to verify that Relations 2.3.1 hold. For example,

(θK′ ◦ id⊗p−1 ⊗ trK′K )(se ⊗ sγ ⊗ · · · ⊗ sγp−1)

= θK′(se ⊗ sγ ⊗ · · · ⊗ trK
′

K (sγp−1))

= ΦK′(se)γ · ΦK′(sγ) · · · γp−1 · ΦK′(tr
K′

K (sγp−1))

= ΦK′(se)γ · ΦK′(sγ) · · · trK
′

K (γp−1 · ΦK(sγp−1))

= trK
′

K (resK
′

K ΦK′(se)γ · resK
′

K ΦK′(sγ) . . . γ
p−1 · ΦK(sγp−1)) (Frobenius reciprocity)

= trK
′

K (ΦKres
K′

K (se)γ · ΦKres
K′

K (sγ) · · · γp−1 · ΦK(sγp−1))

= (trK
′

K ◦ θK ◦ (resK
′

K )⊗p−1 ⊗ id)(se ⊗ sγ ⊗ · · · ⊗ sγp−1).

In fact, the maps ΦK are in one-to-one correspondence with the maps θK . If θK = θ′K

then θK(se ⊗ 1 ⊗ · · · ⊗ 1) = θ′K(se ⊗ 1 ⊗ · · · ⊗ 1). Hence, ΦK(se) = Φ′K(se) for all se

in S(H/K), making ΦK = Φ′K .

Therefore, given Φ in TambH(S, i∗HR), we define the bijection

F : TambH(S, i∗HR)→ TambG(NG
HS,R)

by letting F (Φ) : NG
HS → R be the morphism determined by the collection of ring

homomorphisms

{F (Φ)K : S(H/K)⊗|G/H| → (i∗HR)(H/K) : K ≤ H}

where each F (Φ)K is given by

F (Φ)K(se ⊗ sγ ⊗ · · · ⊗ sγp−1) = ΦK(se)γ · ΦK(sγ) · · · γp−1 · ΦK(sγp−1).
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We now prove Theorem 2.3.2.

Proof. Let S be a G-Tambara functor.Given any map G/K → G/H between orbits

we need to define an induced map G/K ⊗ S → G/H ⊗ S of Mackey functors. By

Lemma 2.3.4 there is a counit map NH
K i
∗
KS → i∗HS from the adjunction between NH

K

and i∗K . We obtain the map induced from G/K → G/H by applying NG
H to the above

counit map. The result is a map NG
HNH

K i
∗
KS → NG

H i
∗
HS, which by Theorem 2.2.7 is

a map G/K ⊗ S → G/H ⊗ S.

Now assume that (−)⊗M : S etFin,IsoG →MackG extends to a functor S etFinG →

MackG, and so every map X → Y of finite G-sets induces a map of Mackey functors

X ⊗M → Y ⊗M. We will show that this property endows M with the structure

of a G-Tambara functor. First, the Mackey functor M will be a commutative Green

functor if we can define a multiplication map m : M @ M → M and a unit map

1M : A→M such that the diagrams in Definition 1.3.1 commute.

Letting ∗ be the orbit G/G, so that ∗ ⊗M = M, we define the multiplication

map m to be the map induced by the projection map p : ∗ q ∗ → ∗. Moreover, the

inclusion map i : ∅ ↪→ ∗ induces the unit map, and if we apply the functor (−)⊗M

to the following three diagrams in S etFinG then we obtain the desired commutative

diagrams in MackG.

∗ q ∗ q ∗ idqp //

pqid

��

∗ q ∗

p

��
∗ q ∗ p // ∗
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∅ q ∗ iqid //

=

((

∗ q ∗ ∅ q ∗iqidoo

=

vv∗

∗ q ∗ τ //

p
""

∗ q ∗

p
||∗

The commutative Green functor M will be a Tambara functor if it supports in-

ternal norm maps NH
K : M(G/K)→M(G/H) for all subgroups H and K of G. The

map H/K → H/H of H-orbits induces a map νHK : NH
K i
∗
KM → i∗HM of commutative

Green functors, and regarding (i∗KM)(K/K) as M(G/K) we can define the internal

norm map NH
K : M(G/K)→M(G/H) to be the composition

M(G/K)
N−→ (NH

K i
∗
KM)(H/H)

(νHK )H−−−→M(G/H).

We defined the map N : M(G/K) → (NH
K i
∗
KM)(H/H) in Definition 2.2.2. Fur-

thermore, the construction of the norm functor NH
K : MackK → MackH and the

definition of the map N force this composition to maintain the necessary compatibil-

ity requirements described in Properties 4 and 5 of Definition 1.4.2. Since the functor

NG
K :MackK →MackH is isomorphic to the composition of functors NG

HN
H
K for all

H, K, and G, it follows that the internal norm NG
K : M(G/K) → M(G/G) equals

the composition NG
HN

H
K of internal norms.

Lastly, we need to verify that resGHN
G
H (m) =

∏
γ∈WG(H) γ ·m for all m in M(G/H)

and all subgroups H of G. The composition

resGHN
G
H (m) = resGH(νGH)GN(m)

= (νGH)Hres
G
HN(m)

= (νGH)H(m⊗|G/H|)
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where the map (νGH)H : M@|G/H|(G/H)→M(G/H) is induced from the map

i∗H(G/H → G/G). This map must be the fold map
∐

γ∈WG(H) H/H → H/H twisted

by the Weyl action because the composition G/H
γ·−→ G/H → G/G agrees with the

map G/H → G/G. Therefore, (νGH)H is given by

m1 ⊗m2 ⊗ · · · ⊗m|G/H| 7→ m1(γ ·m2) · · · (γ|G/H|−1 ·m|G/H|),

and resGHN
G
H (m) =

∏
γ∈WG(H) γ · m. We conclude that M maintains the structure

of a Tambara functor, and moreover that Tambara functors are the G-commutative

monoids.

2.4 Two Interesting Consequences

2.4.1 Building Tambara Functors From Commutative Rings

There is an extra perk to the fact that the norm functor NG
H : TambH → TambG

is left adjoint to the restriction functor i∗H : TambG → TambH . If H is the trivial

subgroup and S is a G-Tambara functor then i∗HS is simply the commutative ring

S(G/e). Thus, we can use NG
e to build a Tambara functor from any commutative

ring.

Example 2.4.1. Constructing the Tambara Functor NC2
e (Z/3).

The ring

NC2
e (Z/3)(C2/e) = Z/3⊗ Z/3 = Z/3
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with trivial C2-action, and

NC2
e (Z/3)(C2/C2) = (Z{N(0), N(1), N(2)} ⊕ Z/3)/TR.

Then Tambara reciprocity induces the following relations.

N(0) = 0 (2.4.1)

N(2) = N(1 + 1) = N(1) +N(1) + trC2
e (1⊗ 1)

0 = N(1 + 2) = 3N(1) + trC2
e (1⊗ 1) + trC2

e (1⊗ 2)

Hence, we can eliminate N(0) and N(2) as generators, 3N(1) = 0, and as a group

NC2
e (Z/3)(C2/C2) = Z/3{N(1)} ⊕ Z/3{trC2

e (1)}.

We use Frobenius reciprocity to determine the ring structure. In particular,

trC2
e (1)trC2

e (1) = trC2
e (1resC2

e (1)) = trC2
e (2) = 2trC2

e (1),

and so if we let trC2
e (1) = t then NC2

e (C2/C2) = Z/3[t]/t2=2t. Via Property 3 of

Definition 2.2.1 we have resC2
e (1) = 1 and

resC2
e (t) =

∑
γ∈C2

γ · 1 = 2.

It remains to determine the internal norm map NC2
e : Z/3→ Z/3[t]/t2=2t, and as

described in the proof of Lemma 2.3.3, we define this map via the composition

Z/3⊗ Z/3 m−→ Z/3 N−→ Z/3[t]/t2=2t
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where m is the multiplication map of Z/3. The map N : Z/3 → NC2
e (Z/3)(C2/C2)

is the map of Definition 2.2.2, and thus if we combine this map with Relations 2.4.1

then

N(0) = 0,

N(1) = 1, and

N(2) = 2 + t.

Therefore, we define the internal norm map ofNC2
e (Z/3) by NC2

e (1) = 1 and NC2
e (2) =

2 + t. We can now construct the Tambara functor diagram for NC2
e (Z/3).

1_

��

t_

��

Z/3[t]/t2=2t

res
C2
e

!!

t

1 2 Z/3

tr
C2
e

aa

N
C2
e

OO

1
_

OO

Example 2.4.2. Constructing the Tambara Functor NC2
e (Z[x]/x2).

Since the group NC2
e (Z[x]/x2)(C2/e) consists of Z[x]/x2 ⊗ Z[x]/x2 with a Weyl

action that swaps the tensor factors, as a ring,

NC2
e (Z[x]/x2)(C2/e) = Z[x, y]/(x2, y2),

and if γ is the generator of C2 then the C2-action is given by γ · x = y. The group

NC2
e (Z[x]/x2)(C2/C2) is

(
Z{Z[x]/x2} ⊕ (Z[x, y]/(x2, y2))/C2

)
/TR,
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but this simplifies nicely. When we quotient Z[x, y]/(x2, y2) out by the C2-action we

identify x with y, and so we will write the transfer summand as Z{t, v, w} where

t = trC2
e (1), v = trC2

e (x), and w = trC2
e (xy). Further, by Tambara reciprocity we can

write every generator N(a+ bx) of Z{Z[x]/x2} as a linear combination of N(1), N(x)

and transfer terms. Hence, NC2
e (Z[x]/x2)(C2/C2) becomes

Z[x]/x2 ⊕ Z{t, v, w}.

We determine the multiplication using Frobenius reciprocity. For example,

xt = xtrC2
e (1) = trC2

e (resC2
e (x)1) = trC2

e (xy) = w, and

vw = vtrC2
e (xy) = trC2

e (resC2
e (v)xy) = trC2

e ((x+ y)xy) = 0.

Thus, as a ring NC2
e (Z[x]/x2)(C2/C2) is isomorphic to

Z[x, t, v, w]/xt=w,t2=2t,tv=2v,tw=2w,v2=w,x2=xw=xv=vw=w2=0.

The internal norm map of NC2
e (Z[x]/x2) to is given by the composition

Z[x]/x2 ⊗ Z[x]/x2 m−→ Z[x]/x2 N−→ NC2
e (Z[x]/x2)(C2/C2),

and hence NC2
e (x) = NC2

e (y) = x. We show the Tambara functor diagram for

NC2
e (Z[x]/x2) below. We used Property 3 of Definition 2.2.1 to determine the re-
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striction map.

1_

��

t_

��

v_

��

w_

��

x_

��

NC2
e (Z[x]/x2)(C2/C2)

res
C2
e

!!

t v v w

1 2 x+ y 2xy xy Z[x, y]/(x2, y2)

tr
C2
e

aa

N
C2
e

OO

1
_

OO

x
_

OO

y
_

OO

xy
_

OO

2.4.2 Green Functors Can Have Multiple Tambara Functor

Structures

We can also use the norm functors NG
H :MackH →MackG to endow a commutative

Green functor with more than one Tambara functor structure.

Corollary 2.4.1. If a Mackey functor M is a G-commutative monoid with endo-

morphisms that are not automorphisms then M will exhibit more than one distinct

Tambara functor structure.

Proof. Let M in MackG be a G-commutative monoid. Then by Theorem 2.3.2 the

Mackey functor M is Tambara functor, and as described in the proof of Theorem

2.3.2 for all subgroups K and H of G we can define the internal norm maps NH
K :

M(G/K)→M(G/H) of M by the composition

M(G/K)
N−→ (NH

K i
∗
KM)(H/H)

(νGH)H−−−→M(G/H).

However, if a map φ : M → M is an endomorphism but not an automorphism then
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the maps ÑH
K : M(G/K)→M(G/H) given by the composition

M(G/K)
N−→ (NH

K i
∗
KM)(H/H)

(νGH)H−−−→M(G/H)
φH−→M(G/H)

also define valid internal norm maps. Hence, we have constructed another distinct

Tambara functor structure on M.

Example 2.4.3. We will endow the C2-Tambara functor FT (Z[x]/x2) defined in

Example 1.4.8 with infinitely many Tambara functor structures. The Tambara functor

FT (Z[x]/x2) is given by the diagram below.

1_

��

t_

��

u_

��

n_

��

FT (Z[x]/x2)(C2/C2)

res
C2
e

##

t u

1 2 2x 0 Z[x]/x2

tr
C2
e

cc

N
C2
e

OO

1
_

OO

x
_

OO

The ring FT (Z[x]/x2)(C2/C2) = Z[t, u, n]/(t2=2t,tu=2u,tn=nu=u2=n2=0), and NC2
e (x) = n.

We can forget the Tambara functor structure of FT (Z[x]/x2) by eliminating the

norm map and consider FT (Z[x]/x2) as a commutative Green functor. We can then

reconstruct its Tambara functor structure by building NC2
e i∗e(FT (Z[x]/x2)) and a com-

mutative Green functor map νC2
e : NC2

e i∗e(FT (Z[x]/x2)) → FT (Z[x]/x2). But, since

i∗e(FT (Z[x]/x2)) = Z[x]/x2, we have already accomplished much of the heavy lifting

in Example 2.4.2. In Example 2.4.2 we discovered that

NC2
e i∗e(FT (Z[x]/x2))(C2/C2) ∼=

Z[x, t, v, w]/xt=w,t2=2t,tv=2v,tw=2w,v2=w,x2=xw=xv=vw=w2=0,
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and thus the commutative Green functor NC2
e i∗e(FT (Z[x]/x2)) is

1_

��

t_

��

z_

��

w_

��

x_

��

NC2
e (Z[x]/x2)(C2/C2)

res
C2
e

!!

t v v w

1 2 x+ y 2xy xy Z[x, y]/(x2, y2)

tr
C2
e

aa

1
_

OO

x
_

OO

y
_

OO

xy
_

OO

We can define the map νC2
e : NC2

e i∗e(Z[x]/x2)→ FT (Z[x]/x2) by letting

(νC2
e )e : Z[x, y]/(x2, y2)→ Z[x]/x2

be the map induced from the multiplication map

Z[x]/x2 ⊗ Z[x]/x2 → Z[x]/x2

and (νC2
e )C2(x) equal n. Because we need (νC2

e )C2 ◦ tr to equal tr ◦ (νC2
e )e we define

(νC2
e )C2(t) = t,

(νC2
e )C2(v) = u, and

(νC2
e )C2(w) = 0

The internal norm NC2
e of FT (Z[x]/x2) is given by the composition

Z[x]/x2 N−→ (NC2
e )(Z[x]/x2)(C2/C2)

(ν
C2
e )C2−−−−→ FT (Z[x]/x2)(C2/C2).

Hence, NC2
e (x) = n, and we recover the Tambara functor structure discussed in

Example 1.4.8.
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However, given integers k and s, we can define an endomorphism ψk,s of

FT (Z[x]/x2)

FT (Z[x]/x2)(C2/C2)
ψk,sC2 //

��

FT (Z[x]/x2)(C2/C2)

��
Z[x]/x2

__

ψk,se // Z[x]/x2

__

by defining ψk,se (x) = kx and ψk,sC2
(t) = t, ψk,sC2

(u) = ku, and ψk,sC2
(n) = sn.

We can then define another internal norm map of FT (Z[x]/x2) by the composition

Z[x]/x2 N // NC2
e (Z[x]/x2)(C2/C2)

(ν
C2
e )C2// FT (Z[x]/x2)(C2/C2)

ψk,sC2 // FT (Z[x]/x2)(C2/C2)

x � // N(x) � // n � // sn

There are infinitely many endomorphisms ψk,s, and they give rise to infinitely many

internal norm maps NC2
e : Z[x]/x2 → FT (Z[x]/x2)(C2/C2). Therefore, we can define

infinitely many distinct Tambara functor structures on FT (Z[x]/x2).
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