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Abstract

The stable homotopy groups of a G-spectrum are Mackey functors. Moreover, in
2004, Morten Brun showed that the zeroeth stable homotopy group of a commutative
G-ring spectrum is a Mackey functor with added structure. More specifically, it is a
Tambara functor. Thus, for G the cyclic group of prime power order, we endow the
category of G-Mackey functors with a equivariant symmetric monoidal structure such
that G-Tambara functors are the equivariant commutative monoids. This equivariant
structure relies on the construction of symmetric monoidal norm functors from the
category of H-Mackey functors to the category of G-Mackey functors for all subgroups
H of GG, and we devote most of Chapter 2 to defining these functors. We focus on the
elegant and concrete nature of this new equivariant structure and provide numerous
examples. We end by discussing some results on Tambara functors that follow directly

from the computability of these norm functors.
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Chapter 1
Introduction

In algebraic topology we would often like generalized cohomology theories to remem-
ber the symmetries of a given topological space X. Thus, we equip X with an action
of some finite group G and extend the definition of a generalized cohomology theory
to an RO(G)-graded cohomology theory so that it reflects the group action. Just as a
generalized cohomology theory can be represented by a spectrum, an RO(G)-graded
cohomology theory can be represented by a G-spectrum, which is a spectrum appro-
priately endowed with an action of G. Therefore, many topologists have passed from
studying topological spaces to studying G-spectra and hence developed the field of
equivariant stable homotopy theory. For good references on this subject refer to [§],
[10], and [3].

A large part of equivariant stable homotopy theory involves the study of the ho-
motopy groups of G-spectra. However, the equivariant stable analogues of homotopy
groups are more than just groups. Letting S* be the k™ sphere spectrum and [S kX ]

denote the set of homotopy classes of maps S* — X, if X is a spectrum (with no



group action) then for all k& in Z we define the k* homotopy group of X by
m(X) = [S%, X].

Thus, we might guess that if we endow X with a G-action then we should define the

kt" stable homotopy group of X by
m(X) = [8*, X]¢

where now [S*, X] is the set of homotopy classes of G-equivariant maps S* — X.
However, this definition does not suffice because we require that the stable homotopy
groups of a G-spectrum not only remember G-action information, but also record in-
formation about the action of all subgroups of GG. Therefore, as described in Chapters
6 of [14] and 12 of [10], if X is a G-spectrum then to define the k™ stable homotopy

group of X we must first consider
T (X) = [ A (G/H)4, X]7

for every subgroup H of G. Then as H varies these abelian groups fit together to form
a G-Mackey functor, denoted 7, (X), and we define the k™" stable homotopy group
of X to be this Mackey functor.

Moreover, a commutative G-ring spectrum is a G-spectrum with extra structure in
the form of a commutative multiplication, and the zeroeth stable homotopy group of
a commutative G-ring spectrum has extra structure as well. In fact, it has even more

structure than one might initially expect. The collection of G-Mackey functors forms a



category, and this category has a symmetric monoidal product called the box product
and denoted O. A unital commutative monoid under the box product is called a G-
Green functor, and so we might surmise that if X is a commutative G-ring spectrum
then 7, (X) is a commutative G-Green functor. While this statement is not altogether
false, it is incomplete since it does not describe the entirety of the structure of m,(X).
In fact, in 2004 Morten Brun proved that the zeroeth stable homotopy group of a
commutative G-ring spectrum is a G-Tambara functor [I]. Thus, Brun proved that
mo(X) is a commutative G-Green functor with the extra structure of multiplicative
transfer maps called norm maps.

It would therefore be beneficial to develop an equivariant symmetric monoidal
structure on the category of Mackey functors that is reminiscent of the box product
but such that Tambara functors become the equivariant commutative ring objects.
Such a structure is called a G-symmetric monoidal structure, and the commutative
ring objects are called G-commutative monoids [4]. We define this structure in terms
of tensoring over finite G-sets. In particular, if we let Zet5™ be the category of

finite G-sets and Mackg be the category of G-Mackey functors then, in essence, a

G-symmetric monoidal structure is a map
(—)® (=) : Lett™ x Mackg — Mackg.
Then a given Mackey functor M is a G-commutative monoid if the map

()@ M : LetE™ — Mackg



extends to a functor. More specifically, the Mackey functor M is a G-commutative
monoid if a map X — Y of finite G-sets induces a map X @ M — Y ® M of
Mackey functors. We refer to Section of this thesis for complete definitions of a
G-symmetric monoidal structure and a G-commutative monoid.

Let G be Cpn, the cyclic group of prime power order. The goal of this thesis is
to endow the category of G-Mackey functors with a G-symmetric monoidal structure
such that a given Mackey functor is a G-commutative monoid if and only if it has the
structure of a Tambara functor. The G-symmetric monoidal structure that we create
relies heavily on the construction of symmetric monoidal norm functors that build a
G-Mackey functor from an H-Mackey functor for all subgroups H in G. Thus, most

of this thesis consists of proving the following theorems.

Theorem. There exist strong symmetric monoidal functors
N§ : Macky — Mackg
for all subgroups H of G.

Theorem. For all subgroups H < K < G the functor N§ is isomorphic to the

composition of functors N¢NK.

We then define the map (—) ® (—) by

G/H® M = N§itM for all subgroups H of G and

(XOIY)oM = (XeoM)O(Y ® M) for all finite G-sets X and Y



where the functor ¢}; : Macks — Mackpy is the restriction functor.

The category of G-Mackey functors already supports a G-symmetric monoidal
structure [4]. However, this structure is difficult to unravel. Indeed, its definition
requires the passage to G-spectral Moreover, we have been unable to identify all
Tambara functors as the G-commutative monoids under this structure. Therefore,
there are two advantages of the new construction presented in this thesis. First, it is
concrete and computable. In particular, we will define the norm functors (and thus
a new G-symmetric monoidal structure) without passing to G-spectra. Instead, we
will explicitly describe the functors using the algebraic and categorical properties of
Mackey functors.

Finally, in Section [2.3.1| we prove the result given below.

Theorem. Under this new G-symmetric monoidal structure a Mackey functor is a

G-commutative monoid if and only if it has the extra structure of a Tambara functor.

In the remaining sections of Chapter 1 we provide definitions and examples of
G-Mackey functors, G-Green functors and G-Tambara functors for any finite abelian
group G. We also describe the box product for Cp.-Mackey functors and Tambara
functors. We build the new Cpn-symmetric monoidal structure on the category of
Cpn-Mackey functors in Chapter 2, and we devote Section to manufacturing the
norm functors. We end by discussing two interesting consequences of this equivariant
symmetric monoidal structure. First, the norm functors will provide fun constructions

of Tambara functors, and we also describe how to use the norm functors to endow a



commutative Green functor with more than one Tambara functor structure.

1.1 Mackey Functors

We give the definition of a Mackey functor that is due to Dress [2]. Let G be a finite

abelian group, and let .#et5™ be the category of finite G-sets.

Definition 1.1.1. A G-Mackey functor M (or just Mackey functor when the group
is clear) consists of a pair of functors (M., M*) from .#et5™ to the category of abelian

groups such that

o M. (X)=M*X) for all X in .Let5™. We denote this common value by M (X).

M takes a disjoint union of finite G-sets to a direct sum of abelian groups.

M, is covariant and M™ is contravariant.

Together, M, and M* take a pullback diagram in .#et5™

x—1t.y
g

>

to the following commutative diagram of abelian groups.

S

M(x) Y vy

]M*(h)



Given a map f : X — Y of finite G-sets we call M*(f) a restriction map and
M.(f) a transfer map.

We can develop a more concrete definition of a Mackey functor because any finite
G-set can be written as the disjoint union of orbits G/H. Thus, we can completely
understand a Mackey functor once we determine M(G/H) for all orbits and the
restriction and transfer maps induced from maps between orbits. Since G is abelian
amap f : G/K — G/H in SLetE™ only exists if K is a subgroup of H, and if
K is a proper subgroup of H then we define any map f : G/K — G/H via the
composition G/K 4 G/K © G/H where 7 is the canonical quotient map and ¢
is an automorphism of G/K. Letting W (K) be the Weyl group Ng(K)/K, distinct
automorphisms of G/K are given by multiplication by « for some v in Wg(K). It
follows that for all subgroups K and H of G, all maps G/K — G/H are Weyl
conjugate to the map m, and we only need to determine the transfer and restriction
maps induced from 7. We denote M, (r) by tril and M*(r) by rest. Further, if K’ <
K < H then the composition of quotient maps G/K' = G/K = G/H must equal
the quotient map G/K’ = G/H, and thus trf, = triitrk, and restt, = resk restt.

Moreover, for all subgroups H of G the automorphisms of G/H induce an action
of We(H) on M(G/H), and since the quotient map 7 : G/K — G/H is a G-map the
maps tril « M(G/K) — M(G/H) and resfl : M(G/H) — M(G/K) must be Weyl

equivariant. Similarly, let v+ denote the automorphism of G/H given by the element



v in Wg(H). The commutativity of the diagram

G/H-"~G/G

| Ji

G/H——G/G
requires that every transfer map tr$% : M(G/H) — M(G/G) factor through the

Wq(H)-action, and the codomain of every restriction map res$; consist of the Wg (H )-

fixed points of M(G/H). More specifically,

trfl('y L) = trg(:v) and resg(:c) =- Tesg(x)

for all v in W (H).

Finally, the pullback requirement of Definition forces the Weyl action to

maintain additional structure. Every pullback diagram of orbits is of the form

G/H x G/H L~ G/H

! |

G/H G/G
but we can rewrite G/H x G/H as the disjoint union

I @),

yEWg(H)

of |Wg(H)|-many copies of G/H. Under this identification one projection map p
simply becomes the fold map V. However, the other becomes the fold map twisted by

the W¢(H )-action, which we denote by V., and thus, the pullback diagram becomes

I ©/m),—~c/H

YEWG(H)

|

G/H

G/G



This diagram results in the following commutative diagram of abelian groups.

P MG/H) - M(G/H)

YEWG(H) .
A’YT 7‘€SH
M(G/H) M(G/H)

The map V remains the fold map, and the map A, is the W¢(H)-twisted diagonal

map given by m — @, ¢y, ¥ - M- It follows that

resHtrH Z vz
YEWG(H)

for all z in M(G/H) and subgroups H of G.

We can now give a more constructive yet equivalent definition of a Mackey functor.

Definition 1.1.2. A Mackey functor M consists of a collection of abelian groups
M(G/H) along with transfer maps trif : M(G/K) — M(G/H) and restriction maps
restt : M(G/H) — M(G/K) for all subgroups K < H < G such that the following

relations hold.

1. If K' < K < H then tri, = triitrk, and restl, = resf restl.

2. If K < H < @ then there is an action of Wy (K) on M(G/K) such that
o iril(y-z)=tril(z) for all x in M(G/K) and v in Wg(K),
o v -restl(x) =restl(x) for all z in M(G/H) and 7 in Wg(K), and

e for all subgroups K and K’ in H

resttri(X) = Z vt (@)
YEWH (K')



10

for all z in M(G/(K' N K)). In particular, if K = K’ then

restirf(z) = Z v x
YEWH(K)

for all z in M(G/K).

Additionally, we will describe a Mackey functor via a Mackey functor diagram.

For example, a Cs-Mackey functor is pictured in Figure [I.I] where Cy is the cyclic

group of order 8. We do not include the Weyl action in these diagrams.

Remark 1.1.1.

M(Cs/Cs)
rescs < trcs
Cy Cy

M(Cs/Cy)
Tesc4 < trc4
Cy Cy

M(Cg/Cs)
resg2 trec2

|§/\

(Cs/e)

Figure 1.1: A Cg-Mackey Functor

Definition will hold for any finite group G, and if G is non-

abelian then we can create a definition similar to Definition for a G-Mackey

functor. However, when the group is non-abelian a map G/K — G/H exists when

K is subconjugate to H and res%tré(x) becomes a much more complicated sum over

double cosets (see [16]).
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1.1.1 Examples

Example 1.1.2. Fized Point Mackey Functors. The most basic type of Mackey
functor is the fixed point Mackey functor. Let D be a group equipped with an action
of G. We will denote the fixed point Mackey functor of D by D, and for all subgroups

G of K we define D(G/H) by

D(G/H) = D"
= {deDlh-d=dforall he H}

= The subgroup of H-fixed points in D.

For all subgroups K of H, the restriction map resfl : D# — DX is simply inclusion
of fixed points, and we define the transfer map trfl : DX — DH by

trif(d) = Z v - d.

YEWH (K)
The most common fixed point Mackey functor is the constant Mackey functor Z.
Consider Z as a group with trivial G-action. Then Z(G/H) = Z for all subgroups H
in G, every restriction map is the identity, and for all z in Z(G/K), tri(z) = |H/K|z

whenever K is a subgroup of H. We give the Mackey functor diagram for the C,.-
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Constant Mackey functor below.

Z(CPQ/CP) =7
resecpzd< >t7“c0p(><P)
Z(Cpfe) =L

We can also construct the fixed point Cy-Mackey functor of Z{Cs}, the free abelian
group on the set of elements of Cs. This group consists of elements of the form
a + by where 7 is the non-zero element of Cy, and Cy acts by v - (a + by) = b+ ay.
Moreover, an element is fixed by C5 if and only if it is of the form a + a7y. Thus,
Z{C2}(Cy/e) = Z{Cs}, and Z{Cs}(C2/Cy) consists of a copy of Z generated by

1+, denoted Z{1 + ~}. Then
resC?(a) = a + ay

and

tr%(a +by) = Z’y (a+by)=(a+b)+ (a+0b).
yeCso
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We can describe Z{C5} using the Mackey functor diagram shown below.

a Z{Cy}(Co/Cy) = Z{1 + ~} (a+b)+ (a+b)y
a+ay Z{Ca}(Cafe) = Z{Co} a+ by

Example 1.1.3. The Burnside Mackey functor, A. The Burnside Mackey functor is
the most important Mackey functor. Not only is every Mackey functor a module over
A, but also if S° is the sphere spectrum then m(S%) = A [14].

For all subgroups H of G we define A(G/H) to be the Grothendieck group on

Fin(H), the set of isomorphism classes of finite H-sets, and thus,

A(G/H) = Z{Fin(H)}/xuy)=[x]+]y]-

Further, for all subgroups K of H the transfer map trf : A(G/K) — A(G/H) is
given by tri([Y]) = [H xx Y] and resfl : A(G/H) — A(G/K) by resi([X]) = [i5 X]
where i3 1 Lethi" — Feth™ is the restriction functor that sends an H-set to its
underlying K-set. The Weyl action is trivial.

More specifically, we will construct a Mackey functor diagram for the C,-Burnside
Mackey functor. Because there are only two Cj-orbits, C,/C, and C,/e, we only
need to determine A(C,/e), A(C,/C,), trev A(C,/e) — A(C,/C,) and resc’

A(C,/C,) — A(C,/e). When H is the trivial subgroup Fin(H) consists only of the
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isomorphism class of the single point set [e/e]. Hence,
A(Cy/e) = Lle/e]} = Z.
There are two isomorphism classes of finite Cy-sets, [C,/C,] and [C, /€], and so
A(GCy/Cp) = Z{[C/ G} @ Z{[Cy/el} = Z D L.

Then

trér(lefe]) = [Cp xe e/e] = [Cp/e] = (0, 1),
resf”([Cp/Cp]) =le/e] =1, and

resc?([Cy/e]) = [e/ell - Il e/e] = ple/e] = p.

TV
p times

We now give the C,-Burnside Mackey functor diagram.

(1,0) (0,1 (0,1)

) YASY/
rcsccp< >tr5p
7

1.2 The Category of G-Mackey Functors

1 p

Let Mackg be the category of G-Mackey functors. A morphism ¢ : M — L in
Mackg consists of a collection of group homomorphisms ¢y : M(G/H) — L(G/H)
for all subgroups H of GG such that each ¢ is W (H )-equivariant and whenever K is

a subgroup of H resfioy = ¢xresth and tritpx = ¢utril. We can visualize ¢ using



15

the Mackey functor diagrams of M and L. For example, if M and L are C,-Mackey

functors then we can describe ¢ with the following diagram.

ey

M(C,/Cy)

(Cp/Cyp)
resecp trecp Tesecp < >
(Cp/e)

M(C,/e) &

1.2.1 The Box Product

The category of G-Mackey functors has a symmetric monoidal product called the
box product and denoted O. Given any finite group G' we can define the box product
of Macke in terms of a double coend or left Kan extension [I1]. However, we will
provide a detailed description of Gaunce Lewis’ constructive definition for C»-Mackey
functors [6]. More specifically, given C,n-Mackey functors M and L, we will build a
Mackey functor diagram for M O L.

The box product is the Mackey functor analogue of the tensor product, and so we
might hope that (M OL)(G/H) is simply M (G/H)® L(G/H), but alas this definition

does not support the transfer map. Thus, instead, we need Definition [1.2.1]

Definition 1.2.1. Given Cpn-Mackey functors M and L we inductively define M OL

as follows. For all subgroups H of G define

(MOL)(G/H) == (M(G/H) ® L(G/H) ® (MO L)(G/K)/wyx))/ rr.
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1. The subgroup K is the maximal subgroup of H, and the transfer map trf is
the quotient map onto the (M 0O L)(G/K)/w, k) summand. We will refer to

(M OL)G/K)/wyx) as Im(trif) and an element in this summand as trg (z).

2. The submodule F'R is called the Frobenius reciprocity submodule and is gener-

ated by elements of the form
a @ trif (b) — tristrk, (restt, (a) @ b)
and
trit(c) @ d — trittri, (c @ restt(d))
for all subgroups K’ of H, and all elements a in M(G/H), b in L(G/K"), ¢ in
M(G/K"), and d in L(G/H).

3. The Weyl action is given by v - (a ® b) = ya ® b for all v in W (H).
4. We define the restriction map resfl : (M O L)(G/H) — (M 0O L)(G/K) b
restt(a) @ restt(b) for a®bin M(G/H) ® L(G/H) and

rest(tri(x Z v - tri(2)
YEWH (K)

for all tri(z) in Im(tril).

Example 1.2.1. Let M and L be Cj4-Mackey functors. We display the Mackey

functor M O L in Figure [1.2]
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Im(trc )

[ (C4/Cy) @ L(Cy/Cy) & MDL 04/02 /WC4 C) ]/FR

T‘ESC ( \ trc2

Im(tr

[M(Cy/Cs) ® L(Cy/Co) & (M(Cy/e) @ L( 04/6 )/c, /PR

()

04/6 ®L 04/6

Figure 1.2: The Box Product of C;-Mackey Functors

Remark 1.2.2. We can extend this definition of the box product to an i-fold box

product of Cpn-Mackey functors by defining
(M, 0M,0...0M,)(G/H) = (M,(G/H) &+ @ M;(G/H) & Im(try)) / r.

The submodule Im(trif) = (M, O--- 0O M,;)(G/K)/wy ) where K is the maximal
subgroup of H, and the Frobenius reciprocity submodule is generated by elements of

the form

My @mg® - @t (b); @ @ mi—

triftris (resth (my) @ resth (mg) ® -+~ ®b; @ - - - @ restt (m;))
forall 1 <j <.

Remark 1.2.3. A map of Mackey functors ¢v» : M O L — P determines and is



determined by a collection of group homomorphisms

O : M(G/H)® L(G/H) — P(G/H)

18

for all subgroups H of G such that the diagrams below commute whenever K is a

subgroup of H [I1].

M(G/H) & L(G/H) > P(G/H) it M(G/H) & L(G/H) = P(G/H)

H H H
resg @resy resy

M(G/K)® L(G/H)

H
trg

M(G/K)® L(G/K) = P(G/K)

id@resye

M(G/K) @ L(G/K) 2~ P(G/K)
ot M(G/H) & L(G/H) = P(G/H)
M(G/H)® L(G/K) trH

res%@id

M(G/K) @ L(G/K) = P(G/K)
Furthermore, a map ¥ : M, 0M,0...0M, — P determines and is determined

by a collection of maps

On: M,(G/H) ® My(G/H)®---® M,(G/H) — P(G/H)

for all subgroups H of G such that the i-fold analogues of the above diagrams commute

whenever K is a subgroup of H.

1.3 Green Functors

The unit for the box product is the Burnside Mackey functor, and thus (Mackg, O, A)

forms a symmetric monoidal category. The monoidal objects are G-Green functors.
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We will provide two definitions of Green functors. The first is the category theoretic
definition given by Lewis in [7]. The second is a constructive definition similar to Def-
inition of a Mackey functor. Ventura shows that these definitions are equivalent

in [15].

Definition 1.3.1. A G-Green functor R (or just Green functor when the group is
clear) is a G-Mackey functor together with maps m : ROR — Rand 1 : A — R

such that the diagrams below commute.

ROROR“™ RoRr  ADRZ2 RoRI™® AR
mDidJ m o ~
ROR—™ R R

Furthermore, a Green functor R is commutative if the diagram below commutes

where the map 7 permutes the coordinates of RO R.

R———ROR
R

Definition 1.3.2. A Mackey functor R is a Green functor if

RO

e R(G/H) is a ring for all orbits G/H,

e all restriction maps rest : R(G/H) — R(G/K) are (unit-preserving) ring

homomorphisms, and

o R satisfies Frobenius reciprocity: If K is a subgroup of H then

trif(a) - b = tri(a - rest (b))
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for all @ in R(G/K) and b in R(G/H)

Moreover, a Green functor R is commutative if every R(G/H) is a commutative
ring.

As with Mackey functors, we will often visualize a Green functor diagrammati-
cally. A morphism ¢ : M — L of Mackey functors is a morphism of Green functors
if all group homomorphisms ¢y : M(G/H) — L(G/H) are (unit-preserving) ring

homomorphisms.

1.3.1 Examples

Example 1.3.1. A fixed point Mackey functor D will extend to a fixed point Green
functor if we can endow the group D with a ring structure that is compatible with
the G-action. In particular we require that v - (ab) = (ya) - (7b) and v1 = 1 for all
~vin G and a and b in D. For example, the constant Mackey functor Z inherits the
structure of a Green functor. However, Z{C5} does not. We can endow Z{C>} with
a ring structure by letting (a + by)(c + dv) equal (ac + bd) + (ad + bc)y, but this

multiplication is not compatible with the Cs-action.

Example 1.3.2. The Burnside Mackey functor naturally extends to a Green functor.
We can define A(G/H) to be the Grothendieck ring on Fin(H). Hence, if [X] and [Y]
are isomorphism classes of finite H-sets then [X][Y] = [X x Y], and the multiplicative
unit is the isomorphism class of the single point set [H/H|. Further, the restriction

maps are ring homomorphisms because i is a forgetful functor for all subgroups K,
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and thus preserves products. Frobenius reciprocity is satisfied because

[(Hxg X)xY]=[H xg (X xi}Y)].

Indeed, an isomorphism H X (X x i%.Y) — (H xx X) x Y is given by

(h7 x7 y) |_> (h7 x? hg)'

We can now determine the ring structure of A(C,/C,,). The unit is the isomorphism

class [C,/C,], and

[Cp/ellCp/e]l = [Cple x Cpfe] = [Cp/el--- T C,/e] = p[Cp/e].

-

~
p times

Thus, if we let ¢t be [C,/e] it follows that A(C,/C,) = Z[t]/we—p, tr(l) = t, and

res(t) = p.

_1_ _t_ Z [ﬂ / t2=pt t

C.
TESe p tre

1 P 7 1
1.4 Tambara Functors

Tambara functors are, in essence, commutative Green functors with extra structure
in the form of a third map induced from a map between orbits. This map is the

multiplicative analogue of the transfer and is called the norm map.
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We will provide two equivalent definitions of a Tambara functor. The first is
Tambara’s original definition and is similar to Definition of a Mackey functor

[13]. The second definition is a more constructive definition reminiscent of Definitions

[1.1.2] and [1.3.2l However, before stating Tambara’s definition we need to introduce

some extra terminology.

Let f : X — Y be a morphism in Letf™ and for X in Leth™ let SetE" X
to be the category of finite G-sets over X. Then the pullback functor associated to
f: X — Y is given by

FetEmY — SetE" X
(B—=Y)— (X xy B—X)

and has right adjoint

FetEMX — LetEmY

A% x) e (J[a 2 v
f

We define [], A M Y as follows. The G-set [, A consists of all maps s : f~'(y) —
A such that qo s(z) = z for all z in f~!(y) and whose domain is the preimage f~(y)
in X of any y in Y. The G-action is (7 - s)(z) = ys(y~'z) for all v in G. We then

define the map qu : HfA — Y by (Hf q)(s) = y if the domain of s is f~1(y).
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Moreover, we can form the pullback X xy [] s A, since
XXyHA:{xs|f Hq
f
= {(z,9)|s: f 1(f(:c)) — A is such that go s(z) = z

for all z € f~'(f(z))}.

This pullback fits into a commutative diagram shown below where the map p is the

projection map and e is the evaluation map (z, s) — s(x).

X d A ‘X xy[[,A
! Lp
Y qu HfA

We call a diagram that is isomorphic to this diagram an ezponential diagram [13].

Definition 1.4.1. A G-Tambara functor S is a map on .#et£™ that sends each finite
G-set X to a commutative ring S(X) and that assigns to each map f : X — Y in
SetE™ three maps f* : S(Y) — S(X), f. : S(X) = S(Y), and f, : S(X) — S(Y)

such that
1. S converts a disjoint union of finite G-sets to a direct sum of commutative rings,

2. f*is a ring homomorphism, f, is a homomorphism of additive monoids, and f,
is a homomorphism of multiplicative monoids,

3.if f: X Y and g: Y — Z are in Leth™, then (gf)* = f*g*, (9f)« = Gufs,

(9)« = gufi and (1x)* = (1x). = (1x)s = Ls(x),



4. for a pullback diagram of finite G-sets

f

X—Y

g

AL

the following induced diagrams commute

h

|44

24

S(X) == 5(Y) S(X) = S(Y)
1 |k
5(2) =~ S(W) S(2) == S(W)
5. for an exponential diagram
X2 Z X'
fl jf’
Y h Y
the induced diagram below commutes.
S(X)~—"—5(2) S(X7)
f*l lfi
S(Y) - S(y")

Given amap f : X — Y of G-sets the maps f, and f* are the induced transfer and

restriction maps that arise in the definition of a Mackey functor. The third induced

map f, is the norm map.

As with Mackey functors we can completely understand a Tambara functor S once

we determine S(G/H) for all orbits G/H and the restriction, transfer, and norm maps

induced from all maps G/K — G/H between orbits. The induced restriction and

transfer maps are still denoted restt and trf, and the induced norm map is denoted
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N, The Weyl groups Wy (K) still act on M(G/K), and Property 3 of Definition
requires that resftrfl(z) = > ewn(x) Y - T and resiINH(z) = [Lewn v
Moreover, the norm maps are not additive, but Property 4 provides a formula for the
norm of a sum since we can build the following exponential diagram where the map

V is the canonical fold map.

G/K ud G/KIG/K < G/K x¢u [1,(G/K1G/K)

! p
va l
G/H [1,(G/K 1 G/K)

This diagram induces the diagram below, which gives a description of NZ(a + b) in

terms of N (a), NZ(b) and transfer terms.

S(G/K) ~—"——S(G/K) ® 8(G/K) ——=S(G/K xgu [1;(G/K 11G/K))
NI}(I jp*

(ITf )«
S(G/H) S(I1;(G/K 1G/K))

We can also derive a description of the norm of a transfer using Property 4. More

specifically, the exponential diagram

G/K L G/K < G/K x¢u 1, G/K’

/| y |

G/H Hf G/K'
induces the diagram
t'rg, , e ,
S(G/K) S(G/K) S(G/K xgu [[; G/K')
Nﬁl Px

S(G/H) 1o

S(I1; G/K')
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1.4.1 The Norm of a Sum in a Cj»-Tambara Functor

In essence, these exponential diagrams tell us that applying the norm map is like
taking powers. Thus, whilst the norm is not additive it is governed by universal
polynomials, and if the group G is not too complicated then we can determine the
norm of a sum using these polynomials. More specifically, norm maps must behave
like multiplying over the Weyl action, and so if G' = Cyn, 7y is the generator of G, and

H is a subgroup of G then we can describe N§(a + b) by examining

[T Y @+b) = (a+b)(ya+qb)--- (" a+A9H1). (1.4.0)

v EWe (H)
The expansion of this product consists of a term of the form avya---~/¢/HI=1q, a
|G/H|_1 |G/H|
term of the form byb---4!¢/H1=1p and Z < . )—many mixed terms that are
k=1

products of a, b, and their Weyl conjugates. The number of mixed terms should not
be alarming since
H%WG( ) ~v(a + b) will have the same number of terms as the polynomial expansion
of (a + b)I9/HI. We stress that no v'a or 4*b for any 0 < ¢ < |G/H| occurs more
than once in any mixed term. If 4*a™ or v'0™ appears in a mixed term then m = 1.
Moreover, we denote the expansion of Equation by [17*(a + b). This expansion
is universally determined by the group G' and depends neither on the given Tambara
functor nor on a and b.

We can analyze [[~+'(a + b) even further to develop a thorough description of

N§(a+0). First, the terms aya - - - y//H1=1g and byb - - - yI¢/HI=1p translate to N§(a)
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and N§(b), respectively, and thus we will see N (a) and N (b) in the expansion of
N§(a+b). We can then group the mixed terms of []~!(a + b) into sums over orbits.
If we let (a%)H denote a mixed term whose stabilizer subgroup is H then all of the
We(H)-conjugates of (ab)¥ are also mixed terms in [ ~!(a+ b). Thus, the expansion
includes the summation .y ~t - (ab)™. Since the transfer map is analogous to
summing over the Weyl action this summation becomes tr& ((ab)®) in the description
of N§(a+b). If there are i--many orbits of mixed terms stabilized by H in [[~*(a +b)
then all such mixed terms translate to tr%(zzzl(ab)f ) in Nfj(a+0b) where each (ab)¥
is a representative from the j* Wq(H)-orbit. Further, the summation Z;Zl(a@)f is
a polynomial in a, b, and their W (H)-conjugates and is universally determined by
the group G. Hence, we denote this summation gg(a,b).

If a mixed term has stabilizer subgroup K such that H < K < G then we can
write this term as [T ey 7 (ab)¥ where (ab)¥ is a product of a, b, and some
of their W (K )-conjugates. Again, if y*a™ or 4*b™ appear in (ab)X then m = 1.
Moreover, if [T ey 7 (ab)¥ is a term in JT7"(a + b) then so is every element in
its We(K)-orbit. In other words,

ool I e ah”

Y EWG(K) v EWK (H)

is a part of the expansion. But, since we can regard [ .oy 7" -2 as N H(r) and

D teWe(K) Aty as tré(y) it follows that

DR I | OO

YeWa(K) YeEWK (H)
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translates to

tr&(NF ((ab)™))
in the description of N§(a+b). If there are i/-many Wg(K)-orbits in []~(a+b) then
the sum of all mixed terms stabilized by K can be written as

e (z N§<<a%>§<>>

j=1
where each N5 ((a?;)f( ) is a representative from the j™ Wg (K )-orbit. We should view
the summation Z;lzl NE ((a%)f ) as a polynomial in a, b, and their W (K')-conjugates.
We stress that this polynomial is universally determined by G.

Therefore, even though we do not have an explicit formula for N§(a + b) we can

conclude that for all subgroups H of G

Nf(a+b) = (1.4.2)

Nfi(a) + NG®) + tri(gu(a,0) + > tr§ (Z ((Jb)jf)) .

H<K<G j=1

When H is maximal in G Equation simplifies to
Ni(a+b) = Ni(a)+ Ng(b) + tri(gu(a,b)). (1.4.3)

The polynomial gg(a,b) is a polynomial in a, b, and their W¢(H)-conjugates, and
23;1 NE ((a%)jl( ) is a polynomial in a, b, and their W (K )-conjugates. These polyno-
mials are universally determined by the group G and consist only of monomials that

are products of single power terms.
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Example 1.4.1. If the group G is small enough we can use Equation|1.4.2]or Equation
to find an explicit formula for N§(a + b). For example, if 7 is the generator of

C5, then we know that for any Cy-Tambara functor
Ne*(a+b) = N (a) + N2 (b) + tre”? (ge(a, b))

where g.(a,b) is a polynomial with variables a, b, ya, and vb and is universally deter-

mined by C5. However, we can explicitly describe this polynomial by computing

H v-(a+b) = (a+b)(ya+~b)

v€C2
= avya+ ayb+ bya+ byb

= avya+ Z v+ (ayb) + byb

yeCo

Thus, g.(a,b) = ayb, and for any Cp-Tambara functor, an explicit formula for N2 (a+
b) is given by

Nec2(a +0b) = NeCQ(a) + NeCQ(b) + trgz(a’yb).

Example 1.4.2. Similarly, we can determine an explicit formula for N (a + b) in
any Cy-Tambara functor. Letting v be the generator of Cy, the norm of a sum in a

Cy-Tambara functor is determined by

[I7 @@+t = (a+b)(va+b)(r%a++%) (v a++).

yeCy

Expanding the above expression results in a 16 term summation that translates to

N%(a+b) =

NE(a) + NEHb) + tr&H (N2 (avb)) + tré* (avay®ay®b + byby*bya + ayby’by’a)

2
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Further, the above discussion describes N (a + b) by
NEHa+b) = NO(a) + NEb) + tr8 (30 NE((@))) + tr% (g.(a, ).
J
Hence, by computing [ | veca V- (a+ b) we have discovered that for every Cy-Tambara

functor the polynomial

> NE((@h)) = NE(ad)

and

ge(a,b) = ayar?ar’b + byby*by’a + ayby*by’a.

1.4.2 The Norm of a Transfer in a C,-Tambara Functor

Let H and K be subgroups of G such that K < H. We can also use the exponential
diagrams to realize NG (trf(x)) as
II »| > o
YeEWg(H) SEWH (K)

Therefore, even though we will not be able to find a closed formula for NG (trf(z)),

letting H be Cpr, K be Ci, and 1 be p" % we can obtain a better understanding of

NG (tri(x)) by examining
oo 5 v
v'eWa(H) V"eWn (K)

First, the summation

Z N =g Ay
YiIneWy (K)



31

where A = p*~% — 1, and hence

I+ X = (1.4.4)

Y eWa(H) YIneWy (K)
(x4 -+ ) (yz + -+ (1 4 AL

Expanding Equation results in a (pk_l)pn_k-many term polynomial in z and
its Wg(K)-conjugates. Each monomial is a product of |G/H|-many variables, and
if %z appears in a monomial then it appears no more than once in that term. In
other words, if a monomial contains the element y*z™ then m = 1. Moreover, this
polynomial is universally determined by the group G and is independent of both the
given Mackey functor and the given element z.

If we examine Equation a bit further we will be able to obtain even more
details in the description of N§(trf(z)). To begin, the stabilizer subgroup of every
term in the expansion of Equation is the subgroup K. If a term were to be stabi-
lized by a subgroup K’ such that K < K’ < G then this term would contain multiple
elements v*z from the same factor. Since this does not happen every monomial is
stabilized only by K. Hence, the expansion will divide into sums of Wg(K)-oribts,
and we can rewrite it as

H 4t Z A g (1.4.5)

YreEWe(H) YIneWy (K)

Y EWG(K) Y EWG(K) YEWG(K)

= Y @ T T i)
YeWa(K)



32

where 7; is a representative from the " Wg(K)-orbit. But, since summing over the
Wq(K)-action correlates to taking the transfer tr, Equation translates to the

following formula.
N (trif(x)) = g (@ +To+ -+ Z i hnrs)

Furthermore, the summation 7y + Zo + -+ - + fp(k,“pnfk,n“ is a polynomial in z and
its We(K)-conjugates. Thus, we will denote it by f(x), and whilst we cannot find
a closed form expression for f(z) we emphasize that this polynomial is universally
determined by the group G, and each Z; is a product [] "+ that contains no elements

of the form 4'z™ for m > 1. Therefore, we can describe N§ (tri(z)) by Equation [L.4.6]

Ni(trig(z)) = trig(f(z)) (1.4.6)

Example 1.4.3. If the group G is small enough we can use Equation to find an
explicit formula for N§(trfl(z)). For example, for any Cgs-Tambara functor we know
via Equation m that Ngf (tr&i(x)) = tr(f(x)) where f(x) is some polynomial in
x and its Cg-conjugates. However, letting v be the generator of Cg, we can determine

a closed form expression for Ngf (tr©(x)) by computing

(z + 7z + 7'z +152) (yx + 32 + Pz + 7).
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Indeed,

(z + 72 + 7' +1°0)(ve + 7% + 7w +4Tr) =
Tyr + x73x + stx + x77x + ’)/QZL")/J: + 7%7317 + 7217537 + 72177:17
+ 74x7x + 74377% + 749177% + 74x77x + 76x7x + 7%7% + 7%7% + 76:1777x

= Z A (zyx 4 2yP).
~yteCs

It follows that the polynomial f(z) = zyr + 273z, and in any Cg-Tambara functor

an explicit formula for Ngf (tr&1(x)) is given by Ngf (trS(z)) = tr (zyx + 2737).

Property 1.4.4. If H = Cp, K' = Cpi, H < K' < G and m is an element in

M(G/H) then by functoriality we can conclude that NG(m) = N¢NE (m). More-

over,
pn—kil
[ vom = T 7o
v EWG(H) 5=0
pnfi_l pnfifk_l
M —1
S (I
s=0 =0
- 0 o I v
Y EWG(K) YViEWK (H)

Therefore, Equation for N&(a+b) must agree with the formula for N¢NE (a+b),

and Equation for NG (trf, (x)) must agree with the formula for NG N5 (trf, ().

1.4.3 A Definition for Cj.-Tambara Functors

The above discussion provides a more pragmatic definition of a Cp»-Tambara functor.
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Definition 1.4.2. Let G be Cyn. A commutative G-Green functor S is a G-Tambara
functor (or just Tambara functor when the group is clear) if it has the following extra

structure.

1. For all subgroups H of G, if K is a subgroup of H then, in addition to the
restriction map resf and transfer map trf, S supports a third map N :
S(G/K) — S(G/H), called the norm map. The norm map is multiplicative

but not additive.

2. Like the transfer map ¢, the norm map N = NJLNE' whenever K < K’ < H

and N (y-x) = NH(z) for all z in S(G/K) and v in Wy (K).

3. Given z in S(G/K) and v in Wy(K), resgNil(z) = [ cw, )7 - @ for all

K < H<AG.

4. If K < H then for all @ and b in S(G/K)

N (a+b) = Nff (a) + NE(b) +tril(grc(a, b))+ Y tril (ZNK' ((ab)¥ )

K<K'<H
as described in Equation [[.4.2] of Remark [I.4.1] In particular, this equation is
universally determined by the group G. It is independent of the given Tambara

functor S.

5. If K < K' < H then for all z in S(G/K")

Ni (trio () = trig(f(z))
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where f(x) is the polynomial of Equation of Remark [1.4.2, This poly-

nomial is universally determined by the group G and does not depend on the

given Tambara functor S.

We will describe a Tambara functor diagrammatically, and as we did for Mackey
functors, we will omit the Weyl action from Tambara functor diagrams. For example,

a Cg-Tambara functor is shown in Figure [1.3|

M(Cs/Cs)

resch (- Vel trs
M(Cs/Cy)

rescy | Neg tres
M(Cs/C5)

resS? | NE2 trS2
M(Cs/e)

Figure 1.3: A Cs-Tambara Functor

Furthermore, we can consider the category of G-Tambara functors Tambg, and
a morphism in Tambg is a morphism of commutative Green functors that also
commutes with the norm maps. More specifically, a morphism ¢ : S — S’ of
Tambara functors consists of a collection of Weyl equivariant ring homomorphisms

ou : S(G/H) — S'(G/H) for all subgroups H of G such that whenever K is a
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subgroup of H restioy = dxresth, trilog = ¢ptril, and NH¢x = oy NE.

1.4.4 Examples

Example 1.4.5. Fized Point Tambara Functors. A fixed point Green functor natu-
rally inherits the structure of a Tambara functor. If D is a commutative ring with a
G-action and D its fixed point Green functor then for all subgroups K < H < G we

can define the norm map NZ : DX — D by

For example, the constant Mackey functor extends to a Tambara functor, and we
define its norm maps NZ : Z — Z by x + 2/f/Kl for all subgroups H and K in G.

The C)2-Constant Tambara functor is given below.

id NP |xP (xp)

LZ(Cp/e) = Z

Example 1.4.6. The Burnside Tambara Functor. The Burnside Green functor ex-
tends to a Tambara functor as well. If X is a K-set and K is a subgroup of H then
the set

{K-equivariant maps ¢ : H — X'}
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is an H-set, and the H-action on a map ¢ in this set is given by h - ¢(h') = ¢(hh)
for all h in H. Thus, we can define the norm maps N : A(G/K) — A(G/H) of the

Burnside Tambara functor by
NE([X]) = [{ K-equivariant maps ¢ : H — X }].

We can provide an explicit formula for the norm NE? : A(C,/e) = A(C,/C,) of
the C,-Burnside Tambara functor. From Example we have A(C,/e) = Z and
A(C,/C,) = Z[t]/12—pt. Let M be a set of m-many elements, and let m denote the

isomorphism class of M in A(C,/e). Then
N7 (m) = [{maps C, — M}],

and there are mP-many such maps, m-many of which are constant. Thus, each con-

mP—m

stant map is in its own orbit, and the remaining (m? —m)-many maps split into
copies of [C,/e]. Therefore, NE? (m) =m+ mpp%mt, and we show the C,-Burnside Tam-

bara functor diagram below.

T ZI0) !

C.
rese? N, tre

1 P 7z 1
Example 1.4.7. Not All Green Functors are Tambara Functors. If G = Cpn then

there is an augmentation map of G-Green functors ¢ : A — Z where each ¢g :
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A(G/H) — Z sends a finite H-set to its cardinality. We define the augmentation

tdeal I to be the kernel of this map, and the Mackey functor diagram for [ is shown

(Cp/Cy)
Tese < > tre

(Cp/e) =0

The augmentation ideal is a Green functor that does not extend to a Tambara functor

below.

because 1(C,/e) = 0. Since the norm map is multiplicative we require NP (1) =1,
but 1 = 0 in I(C,/e). Thus, if I supported a norm map then it would follow that

1=01in I(C,/C,). Indeed this is not the case.

Example 1.4.8. Using an Adjunction to Build Tambara Functors. Let Ringg be
the category of commutative rings with a G-action. There is a forgetful functor

Tambg — Ringg given by S +— S(G/e), and this functor has a left adjoint
Fr: Ringg — Tambg.

Thus, we can use this adjunction to build Tambara functors from rings in Ringg.

In particular, if R is a nice ring in Ringc, then we can build a Tambara functor
diagram for the C)-Tambara functor Fr(R). We define Fr(R)(C,/e) to be R, and we
can determine Fr(R)(C,/C,) as follows. First, the ring Fr(R)(C,/C,) must consist
of a copy of the Burnside Tambara functor A so that we can define trc (1) to be t.

Then for every additive generator r; in R we add polynomial generators u; and n; to
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Fr(R)(C,/C,) and define the transfer and norm maps by
trS(r;) = w; and N (r;) = n;.

We further force the Frobenius reciprocity relations and use the Weyl action to define
the restriction map.
For example, we will construct the Cy-Tambara functor Frr(Z/2) where we consider

7,2 as a ring with trivial Cy-action. We define Fr(Z/2)(Cy/C5) to be

A(CZ/CZ)/tr§2 (2)=0,NS2=0"

Since

A(Cy/Cy) = Z[t]/p=a,
tr92(2) = 2t, and
N2(12) = 2+t
it follows that Frr(Z/2)(Cy/C2) = Z[t]/12=2t21=0.2+t=0, but we can simplify this further.
The relation 2 4+t = 0 implies that t = —2 and 2t = 0 implies that 4 = 0. Therefore,
the ring Fr(Z/2)(Cy/Cy) is isomorphic to Z/4, and tr€2(1) = 2. We give the C,-

Tambara functor diagram for Fr(Z/2) below.

1 Z/4 2

Cy Co

C!
Trese N 2

tre

1 7.2 1
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Next, consider the ring Z[z]/x* with trivial Cy-action. We will build the Cy-
Tambara functor Fr(Z[z]/x?). To define Fr(Z[x]/2*)(Cy/Cy) we must adjoin ¢rS?(z)
and N (x) to A(Cy/Cy) and still maintain Frobenius reciprocity and all relations
between the restriction, transfer and norm maps given in Definition [1.4.2l Thus, if

we let tr&2(x) = u and NE2(x) = n then since the Weyl action is trivial, we require
res?(u) = resS2tre?(z) = Z vex =21

and

resS?(n) = res2 N (z) = H vor=a?=0.
yeCa

Moreover, Frobenius reciprocity induces the relations shown below.

tu = tr(Du = tr(1-res(u)) = tr(2r) = 2y
tn = tr()n = tr(l-res(n)) = tr(z?) = 0
nu = ntr(z) = tr(res(n)r) = tr(z®) = 0
W = trx)u = tr(zres(u)) = tr(22?) = 0

Therefore,

FT(Z[ZE]/ZL‘Q)(CQ/CQ) = Z[t, u, n]/(t2:2t,tu:2u,tn:nu:u2:n2:0)7

and we give the Cy-Tambara functor diagram for Fr(Z[z]/x?).

t U n Fr(Z[z]/2%)(C2/Cy) t L
ressv2 NEC2 tTgZ
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1.4.5 The Box Product of Tambara Functors

In ([12], Proposition 9.1) Neil Strickland states that if S and S’ are Tambara functors
then the Mackey functor S O S’ inherits a unique Tambara functor structure. We
define the norm maps N7 : (SOS)(G/K) — (SOS")(G/H) by letting N (a®b) =
NH(a)@ NE(b)if a®bisin S(G/K)® S (G/K). We then use Properties 4 and 5 of
Definition to extend this definition to all other elements in (S 0S")(G/K).

Hence, if S and S are Cyn-Tambara functors then (SO S")(G/H) still equals
[S(G/H) ® S'(G/H) ® Im(try)] /rr.

Given a®bin S(G/H)®S'(G/H) and tri(z) in Im(tri) we define the multiplication

(a ® b)tri(x) using Frobenius reciprocity:

(a @ b)trit(z) = tri(rest(a @ b)x).

Moreover, Remarks|1.2.2land|1.2.3|extend to the box product of Tambara functors.

In particular, a map SO S — R of Tambara functors determines and is determined

by a collection of ring homomorphisms
On : S(G/H)® S'(G/H) — R(G/H)

for all subgroups H of GG such that whenever K is a subgroup of H the diagrams of
Remark commute and the diagram below commutes.
S(G/H) ® §'(G/H) "~ R(G/H)

Ni ®N}?] NE

S(G/K) ® S'(G/K) -~ R(G/K)
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Chapter 2

An Equivariant Symmetric
Monoidal Structure on the
Category of Mackey Functors

We now develop a new equivariant symmetric monoidal structure on the category
of Mackey functors under which Tambara functors are the equivariant commutative
monoids. The main advantage of this new structure is that it is concrete. We will
be able to build a Mackey functor diagram like Figure that describes this G-
symmetric monoidal structure just like the diagram in Example describes the

box product construction.

2.1 G-Symmetric Monoidal Structures

In this section we provide the definition G-symmetric monoidal and G-commutative
monoid given by Hill and Hopkins in [4], but first we discuss a useful property of
symmetric monoidal categories. Let .Zetf™!5° be the category whose objects are

finite sets (with no group action) and whose morphisms consist only of isomorphisms
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of sets, and let (¢, X, e) be a symmetric monoidal category. Because € is symmetric
monoidal there is a functor (=) ® (=) : Let! ™10 x ¢ — € given by
Xe¢=CK. . -RC=C"
|X| times

called the canonical exponentiation map [4]. It is symmetric monoidal in both factors.
Additionally, the object @ ® C' = e, and if * is the single point set then x ® C' = C
for all C'in ¥.

We can use this functor to describe the commutative monoids in €. If we fix an
object C'in % then we can define a functor (=)@ C' : Let!™I° 5 € by X — X®C.
We can define a commutative monoid to be an object C' in € along with an extension

of the functor (—) ® C' to Let!™, the category of finite sets.

yetFin,Iso (_)®S &

e
Ve
e

PotPin
If such an extension exists then morphisms X — Y in .Zetf™ induce morphisms
X®C —Y ®C, and we recover the standard definition of a commutative monoid
by examining the morphisms in ¢ induced from *IT* — %, ) — *, and *ITx — * [T *
.
We develop the notions of G-symmetric monoidal and G-commutative monoid
Fin,Iso

by extending this discussion to et , the category of finite G-sets with isomor-

phisms.



44

Definition 2.1.1. Let (%,X, e) be a symmetric monoidal category. A G-symmetric

monotdal structure on € consists of a functor
(5) @ (=) : Lett™ ™ x € =€
such that
. XOIY)®C=XeC)K(Y®(C)and X ® (CXD)=(X®C)X (X ® D),

2. when restricted to .#et? ™15 this functor is the canonical exponentiation map,

and
3. X ® (Y ® C) is naturally isomorphic to (X x V) ® C.

As with the non-equivariant case, every object C' in ¥ defines a functor
(-)®C: Feth™* - ¢,

and so the definition of a G-commutative monoid is analogous to the definition of a

commutative monoid presented above.

Definition 2.1.2. A G-commutative monoid is an object C' in € together with an

extension

; —)®C
yetgzn,lso( )® @

7

e
e
e
7

SetkEin
Example 2.1.1. Let Sp© be the category of G-spectra, and for every subgroup H

of G let i%;, : Sp® — Sp'! be the restriction functor that sends a G-spectrum to its
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underlying H-spectrum. The smash product makes Sp“ into a symmetric monoidal
category.
We can endow Sp® with a G-symmetric monoidal structure using the Hill-

Hopkins-Ravenel norm NG : Spf — Sp®. We define the functor

)@ (=) : Leth™ x Sp& — Sp©
G

G/H®X = NgiyX for all orbits G/H, and

YIHIZ)eX = (YX)A(Z®X) for all finite G-sets Y and Z.

Then given a G-spectrum X the functor (=) ® X : Lety ™™ — Sp© extends to a
functor Zetkin — Sp® if and only if X has the structure of a commutative G-ring
spectrum. Therefore, under this G-symmetric monoidal structure the commutative

G-ring spectra are the G-commutative monoids [5].

We can use the above G-symmetric monoidal structure on the category of G-
spectra to build a G-symmetric monoidal structure on the category of G-Mackey

functors. We define a functor (=) @ (=) : Fete ™™ x Mackq — Mackg by
(X, M) = mo(X @ HM)

where HM is the Eilenberg-MacLane spectrum of M [4].
However, this G-symmetric monoidal structure is not ideal. In addition to being
difficult to unpack, we have been unable to show that Tambara functors are the G-

commutative monoids under this structure. In 2004, Morten Brun showed that if R
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is a commutative G-ring spectrum then my(R) is a Tambara functor [I], and hence,
we know that all G-commutative monoids are Tambara functors. However, it is not
clear that all Tambara functors are G-commutative monoids.

Therefore, we strive to build a new G-symmetric monoidal structure on Mackg

such that

e this new structure is concrete and does not involve the passage to G-spectra,

and

e under this structure a Mackey functor M is a G-commutative monoid if and

only if it has the structure of a Tambara functor.

We accomplish this endeavor for the category of C,n-Mackey functors by creating
symmetric monoidal norm functors ng” : Macky — Mackg,, for all subgroups H

of Cpn such that

e given an H-Mackey functor M we can write down a Mackey functor diagram

for N M, and
. ng" M 1is the universal home for internal norms of Tambara functors.
If G = Cpn then we will be able to define the functor
(=) @ (=) : Lett™" x Mackg — Mackg
by

e ) ® M := A, the Burnside Mackey functor,



47
o G/H® M := N§it;M, for all orbits G/H and
o (XINY)®M:=(X®M)D (Y ®M) for all finite G-sets X and Y.

The functor ¢}, : Macke — Macky is the restriction functor that brings a G-
Mackey functor to its underlying H-Mackey functor. For example, if M is the Cs-

Mackey functor in Figure then the Mackey functor diagram for i, M is shown

below.
(16, M)(C2/Cs) = M(Cs/Cs)
rese < >t1ﬂc
202 )(Co/e) = M(Cg/e)

In all subsequent sections let G be Cpn.

2.2 Constructing the Norm Functors N

2.2.1 Part 1: H is Maximal in ¢

We will first build the norm functor N§ : Macky — Mackg for H = Cya1, the
maximal subgroup of G. We need to construct this functor such that i}, (X ® M) is

isomorphic to i3, X ® i}, M for all subgroups K of G, finite G-sets X and Mackey
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functors M. In particular, we need i};(G/H ® M) to equal i},(G/H) ® i}, M and

i(G/H) @iy M = (H/HU---1LH/H)®i,M

4

|G/Hnimes
~ (H/H ® i M)~

= (i M)
Thus, letting M be an H-Mackey functor, the Mackey functor i3, NG M must equal
MPIGHI and so if K is a subgroup of H we define (NGM)(G/K) to be MPIS/HI(H/K)
where the Weyl group Wg(K) acts by permuting the box product factors. More

specifically, if 7 is the generator of Cp» and m, ® m, @ m.2 ® - - - @ mp—1 is a simple

tensor in M7I/?I(H/K) then Wg(K) acts by
Yo (Me @My @Mz @ -+ @ Mop-1) = (Y- Myp-1) @ Me @ Mz & -+ - & Miyp—2
where we regard 7? as the generator of Wy (K).

Remark 2.2.1. We will often consider a group M as a trivial group-Mackey functor,
and hence we can construct the G-Mackey functor N& M. In this case (NS M)(G/e) =

M®IGl The group G still acts on M®!¢ by permuting the tensor factors.
Remark 2.2.2. For any subgroup K of H we will want to write a simple tensor
Me @ My QM2 & - - Q) Myp—1

in MPIC/HI(H/K) as a product over the Weyl action. Of course, the group M(H/K)

does not necessarily come equipped with a multiplication. Thus, we must formally
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add an element 1 to M(H/K) such that 4" -1 =1 for all 4 in G, and we define a
multiplication on 1 by 1m =ml =1 for all m in M (H/K). If neither m; nor my are
the element 1 then there is no multiplication mi;msy. Then we can express the element
Me @ My @ M2 & - -+ Q Myp—1
as
(me @ 1%y (my @ 19771 )72 (mye @ 19771 - AP (s @ 19971,
Furthermore, consider the polynomials gg(a,b) of Equation in Section m
and f(z) of Equation in Section [1.4.2] The polynomial gy (a,b) is a polynomial
in a, b, and their W (H)-conjugates. Since every monomial of g (a,b) contains only
elements of the form v*a and v°b we can make sense of evaluating this polynomial at
the elements a ® 1%7~" and b® 1%P~! and their W (H)-conjugates in M“/?I(H/H).
For example, in Example we computed
N2 (a+b) = N2(a) + N2 () + tre?(ge(a, b))
where g.(a,b) = ayb. If M is a group then (N2 M)(Cy/e) = M @ M, and hence below
we evaluate ge(a,b) at a® 1l and b® 1 in M ® M.
gela®1,0©1) = (a@1)y(b®1)
= (a®1)(1®0)
= a®b
Similarly, the polynomial f(z) is a polynomial in = and its Wg(K)-conjugates,

and if y*z™ is part of a monomial of f(x) then m = 1. Therefore, we can evaluate
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f(z) at £ ® 18771 and its Wg(K)-conjugates in MPI¢/?I(H/K). Indeed, in Example
we showed that Ngf(treo‘*(x)) = tr%(f(z)), where f(x) = zyx + zy3x. Thus,

evaluating f(z) at = ® 1 in M9/l (Cy /e) results in

fz®l) = @)y (o) + (@)Y (re1)
= @)(1l®z)+ (z@1)(1®~%x)

= x®m—|—x®72x.

We now provide a complete definition of the norm functor N§ : Macky — Mackg

for H maximal in G. We will prove that our construction of N is, in fact, a functor

in Theorem [2.2.3]

Definition 2.2.1. Define the norm functor N§ : Macky — Macke as follows.

Given an H-Mackey functor M, for all subgroups K of H define
(NFM)(G/K) := MO (H/K),
The Weyl group Wg(K) acts on a simple tensor by
Y (Me @My @M @ @ Mopet) = (- Mopet) @ M @Mz @+ - @ Mos

where 77 is the generator of Wy (K). If K’ < K < H then the restriction map res%,

and the transfer map tr%, are defined as in Definition [1.2.1] Define
(NGM)(G/G) = (Z4M(H/H)} & MO (H/H) o) [ra:

1. For a in M(H/H) let N(a) denote the corresponding generator of the free

summand Z{M (H/H)}.
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2. The transfer map tr§ is the quotient map
MECH(H)H) — M (H)H) fwo )

onto the second summand. We will refer to MY #(H/H) /yw ) as Im(trG)

and an element in MD‘G/m(H/H)/WG(H) as tr(z).

3. We define the restriction map res% by res&(tr&(x)) = > mewg(m Y - @ and

resG(N(a)) = a®IG/H,

4. The submodule T'R is called the Tambara reciprocity submodule and is gener-
ated by

N(a+b) — N(a) — N(b) — tr$(g(a,b))

and

N(trig(x)) — trij (tri (F(x)))
foralla and bin M (H/H) and all z in every M (H/K). The polynomial g(a, b) =
gr(a ® 19771 b @ 19P71) where gy(a,b) is the polynomial of Equation [1.4.2]
and Remark [2.2.2l The polynomial F(x) = f(z ® 1¥P71) where f(z) is the

polynomial given in Equation and Remark [2.2.2] Both polynomials ¢(a, b)

and F'(x) are universally determined by the group G.

Definition 2.2.2. Define the map N : M(H/H) — (N§M)(G/G) by letting N(a)

be the corresponding generator in the free summand Z{M (H/H)}.
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Definition [2.2.1] is reminiscent of Definition of the box product M O M. We
need (NGM)(G/G) to be as free as possible such that the map N behaves like a
norm map in a Tambara functor. In particular, if L is a G-Mackey functor and the
functor (=) ® L : et — Mackg extends to a functor Seth™ — Macke then
we want this map N : it L(H/H) — (NSi%L)(G/G) to extend to an internal norm
map N§ : L(G/H) — L(G/G) in L. Thus, we wanted to let (NGM)(G/G) simply be
Z{M(H/H)}. But, this definition was problematic because we were unable to define
the transfer map tr% : (NGM)(G/H) — (NGM)(G/G) in a compatible manner. So,
instead, we needed to add in the image of the transfer as freely as possible and create
Definition 2.2.7]

Moreover, since we want the map N to lead to internal norm maps we will think of
the Z{M (H/H)} summand of (NG M)(G/G) as the submodule of norms. We quotient
out by the Tambara reciprocity submodule to force (NGM)(G/G) to maintain the
relations that exist between the norm and transfer maps of a Tambara functor stated
in Properties 4 and 5 of Definition Similarly, we defined res%(N(a)) to be

a®G/H] g6 that it mirrors the restriction of a norm in a Tambara functor.
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Example 2.2.3. Let M be a Cy-Mackey functor. Then NCC;M is shown below.
Im(trgg)

(Z{M(C2/Cs)} ® (M O M)(Ca/Co) /we, () ) /TR

Cy Cy
7’@502 < > trCQ

(MO M)(Cy/Cs)

rese < > tre

02/6 ®M 02/6)

The Tambara reciprocity submodule is generated by N(a+b)—N(a)—N (b)—trg;l (a®b)

and N (tr&2(z)) — trg;*tr? (x ®x).

Example 2.2.4. Let A be the Burnside Mackey functor. Then N§A = A. In partic-
ular, since Z is the Burnside Mackey functor of the trivial group it follows that N“27Z

should be the Co-Burnside Mackey functor. Indeed, (N2Z)(Cy/e) = Z® Z = Z, and
(NS2Z)(Co/Co) = (Z{...,N(=1),N(0),N(1),...} & Z) /r.

Then given any group M, the Tambara reciprocity submodule of N2 M is generated
by elements of the form N(a +b) — N(a) — N(b) — tr(a ® b). Therefore, quotienting

out by TR induces the following relations in (NE2Z)(Cy/Cy).

N(0) = N(0) + N(0) +tr(0)

N(0) = N(a) + N(—a) + tr(—a?) for all positive integers a

N(c) =cN(1) +tr <02 -

C) for all integers ¢ > 2
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These relations indicate that N&2(Cy/Cs) = Z{N(1)} & Z because N(0) = 0 and we
can write all other generators as linear combinations of N(1) and transfer terms. Fur-
ther, tr(1) = (0,1), res(1,0) = res(N(1)) =1® 1 =1, and res(0,1) = res(tr(1)) =

> e, V1= 2.1t follows that N&27, is the Cy-Burnside Mackey functor.

Example 2.2.5. To stress the fact that this definition of N7 is concrete we will also

build the Mackey functor diagram for N2(Z/2). First, N2(Z/2)(Cy/e) = Z/2, and
NZ*H(Z)2)(Co/Co) = (Z{N(0), N(1)} ® Z/2) [rs.
But, by Tambara reciprocity we have N(0) = 0 and
NO)=N({1+1)=N(1)+ N(1)+tr(1).

Thus, we can write ¢r(1) in terms of N(1). Finally, since 2N (1) +tr(1) = 0 it follows
that

2(2N (1) + tr(1)) = 4N(1) = 0,

which tells us that N2(Z/2)(Cy/Cs) is isomorphic to Z/4, and its generator is N(1).

The Cy-Mackey functor diagram for N2(Z/2) is

1 Z/4 2

trec2
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Now, we have defined a map N§ : Macky — Mackg that is easy to construct

for H maximal in GG, but we need to prove that it is a symmetric monoidal functor.
Theorem 2.2.3. The map NG : Macky — Mackg is a functor.

Proof. Let M and L be H-Mackey functors. Given a morphism ¢ : M — L of H-
Mackey functors we need to define a morphism ® : NG M — NGL of G-Mackey func-
tors. Thus, we must define a collection of maps ®x : (NGM)(G/K) — (NGL)(G/K)

for all subgroups K of G such that resk, @, = ®xirest, and trk & = Pptrk,

G/H|

whenever K’ < K. If K is a subgroup of H then ® is simply qbil , and then since

H is maximal in G it remains only to define
Oq : (Z{M(H/H)} & Im(tr$})) /rr — (Z{L(H/H)} & Im(tr)) /7.
In order for trf}@ u to equal @Gtrfl we must define
e (tr(z)) = tr§ (65 (2)).
Then we define ®5(N(a)) as follows.
®a(N(a) == N(¢u(a)).

The map @ will be well-defined if it preserves the Tambara reciprocity relations.

More specifically, the following relations must hold for all a, b, and z.

De(N(a+ b)) = (2.2.1)

P6(N(a)) + Pa(N (b)) + Pe(tri(g(a, b))
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Ca(N(trg () = @g [tritri(F(z))] (2.2.2)
To show that Equation holds we have
®a(N(a+b)) = N(¢u(a+b))

= N(¢u(a)+ ¢nu(b))

= N(¢u(a)) + N(ou (b)) + trij(9(dn(a), or(b)))

and

B (N(a)) + Da(N (b)) + Pa(tri(g(a,b)))
= N(¢n(a)) + N(ou(®) + (65 (g(a,0))).

Since the polynomial g(a,b) is in MP“H/(H/H) and is universally defined by the

group G it follows that (lequ/H'(g(a, b)) = g(ou(a),ou(b)).

Similarly,
C(N(trg(z) = Nlon(trg(@)))
= N(trg(¢x(@)))
= tritri(F(¢x(z)))
and

Co(triptrg(F(z))) = tritri(®x(F(z)))

= tr§tri (e M(F ().
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The polynomial F(z) lies in MY/ #(H/K) and is universally determined by G. Thus,

?{'G/Hl(F(x)) = F(¢k(x)) and Equation holds.

Lastly we will show that ®¢ commutes with the restriction map res% by showing

that
resGdo(tri(z)) = ®gres§(tr§(z)) (2.2.3)
for all tr$(z) in Im(tr$), and
res$®g(N(a)) = ®gresS(N(a)) (2.2.4)

for all generators N(a) in the Z{M(H/H)}-summand of (N§M)(G/G).

Equation holds because

Tesgq)g(trg(x)) = TesHtrH( DIG/H‘( )
= Y e @)
YteEWg(H)

and

CyresG(tri(@) = oM Y 4t

tEWG H)

_ Z t ¢D|G/H\( ).

YreWe(H)
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Verifying Equation [2.2.4]is also straightforward:

resi®q(N(a)) = rest(N(ou(a)))
_ u(a)®e

— ¢D|G/H\(G®IG/H|)

= Oy (a®9/H]

= Oyrest(N(a))
Therefore, the map NIC{" : Mackyg — Mackg is a functor. O

Next we prove that the norm functor N§ is strong symmetric monoidal.
Theorem 2.2.4. The functor N§ is strong symmetric monoidal.
Proof. Given H-Mackey functors M and L we will define an isomorphism
U NfMONGL — NG(MOL).
Hence, we will need to define isomorphisms
Wi+ (NFMONGL)(G/K) — N (MO L)(G/K)

for all subgroups K of (G, and these isomorphisms must commute with the appropriate
restriction and transfer maps.
To define Uy for K a subgroup of H we must first unpack (NGM ONSL)(G/K)

and (N$(M 0O L))(G/K). Since

(NFM)(G/K) = MP9M(H/K) and (NfL)(G/K) = L7“/"(H/K)
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it follows that
(NFM ONFL)(G/K) = (M™" o LIH(H/K).

Ifmy @ @mig/a @4 @ @la is a simple tensor in (MI/H g LA (H/K)
and -~y is the generator of G then the Weyl group W (K) acts on this simple tensor

by

7.(m1®...®mp®l1®...®lp):

(Y my) @M@ @My 1 @ (VP L) RL® - ®l,y

where 1? is the generator Wy (K). Further, N§(MOL)(G/K) = (MOL)™%/H(H/K).

A simple tensor of this group is
m1®l1®m2®12®---®mp®lp
and has We(K)-action

Y (M RLIMRLR - ®@m,®Il,) =

(VW (mp @) @M1 @L @M @Iy ® - @My ® 1.
Because the box product is the symmetric monoidal product in Mackq, we can let
Wy + (MO 0 LIS/ (/) - (M 0 P/ () K)
be the natural isomorphism

Mm@ @mig/p @L & @ g = Mm@ L@ - @mya/m @ laym)
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that rearranges the box product factors.

It remains to define an isomorphism
Vg : (NGM ONGL)(G/G) = Ng(M O L)(G/G)

such that resfl\lfg = \Ieresg and trg\IfH = \I!Gtrg. Before we build ¥ we must
reexamine (NGM O N§L)(G/G) and N§(M O L)(G/G). First,

(NgM ONGL)(G/G) =

((NGAL)(G/G) @ (NGLY(G/G) @ (M © LA (HH) ) f

Since (MPIE/HI O LD‘G/HU(H/H)/WG(H) is the image of the transfer map
tr% . (NYM ONSL)(G/H) = (NGM O NSL)(G/G), we will denote this summand
by Im(tr%). To prevent notational confusion we will let Ty, denote the image of tr%
in (NGM)(G/G) and Ty, denote the image of tr& in (N$L)(G/G). Hence,

(NGM O N5 L)(G/G) becomes
((Z{M(H/H)} & Tyr) /1Ry @ (Z{L(H/H)} ® Ty) /7, ® Im(tr§))/rr,

but we can simplify this further. Frobenius reciprocity identifies all elements of Ty,
and Ty, with elements in Im(tr$). Then consider an element of the form (N (a +b) —

N(a) — N(b)) ® ¥ in
(Z{M(H/H)}®Tn) /1Ry @ (Z{L(H/H)} & T1) /1R,

We can assume that i is a generator N(y) in Z{L(H/H)} because all elements of Tjs

and T}, are identified with elements in Im(tr$;). If we combine the relations induced
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by the submodule T'R); with Frobenius reciprocity then for all @ and b in M(H/H)

and y in L(H/H)

[N(a+b)—N(a) = N(b)]@N(y) = tri(g(a,b)) @ N(y)
= trlg(a,b) @ resf;(N(y))]

= trijlg(a,b) @ y*I/M].

Similarly, given a generator N(z) in Z{M(H/H)} and N(a + b) — N(a) — N(b) in

Z{L(H/H)} for any a and b in L(H/H) we have
N(2) ® [N(a+b) = N(a) = N(b)] = tr["“""| @ g(a, b)].

Moreover, we can identify all generators of the form N (trf(x)) for any subgroup

K of H in both Z{M(H/H)} and Z{L(H/H)} with elements in I'm(tr%). Therefore,
(NgM ONGL)(G/G) =
(Z{M(H/H)/ 1m@r)} © Z{LH/H)/ tm@ry } © Im(tr3)) / ser
where ftr is the submodule generated by
[N(a+1b) = N(a) = N(b)] ® N(y) — trij (9(a,0) @ y*1¢/H)

and

N(z) ® [N(c+d) — N(c) — N(d)] — tr% (:*19" @ g(c, d))

for all a, b, and z in M(H/H) and ¢, d, and y in L(H/H).
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Finally, the tensor product Z{M (H/H)/ rmr)} @ Z{L(H/H )/ 1m@r) } is isomorphic

to Z{M(H/H)/Im(tr) X L(H/H)/Im(tr)}. Hence,
(NFM O NGL)(G/G) =
(Z{M(H/H)/tm(ery X L(H/H)/1m(er)} ® Im(tr§y)) / gur
and the submodule ftr is generated by
N((a+1b) x y) = N(a x y) = N(bx y) — tr§ (g(a,b) @ y*'/")

and
N(zx (c+d))—N(zxc)—N(zxd) —tr§ (z®|G/H‘ ® g(c,d))
for all a, b, and z in M(H/H) and ¢, d, and y in L(H/H).
Now consider N§(M 0O L)(G/G). We have define this group by
Ni(M O L)(G/G) =

(Z{(MOL)(H/H)} ® (MO L) " (H/H)/wem)) /rr.

The summand (M O L)?'S/#I(H/H) /v, is the image of the transfer map trf, and

so we denote it by Thgr. Then since
(MOL)(H/H) = (M(H/H)® L(H/H) ® Im(tr))/rr
it follows that

NG (M OL)(G/G) =

(Z{(M(H/H) ® L(H/H) & Im(tr))/rr} & TroL) /7r.
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But, by Frobenius reciprocity all elements of the form a ® tr(b) and tr(a) ® b in
M(H/H) ® L(H/H) are identified with elements in Im(¢r), and by Tambara reci-
procity all elements of Im(tr) are identified with elements of Tyny. Therefore,
N(M O L)(G/G) =
(Z{M(H/H)/ tmry @ L(H/H)/ gy } © Trniar) / e
where ftr’ is the submodule generated by the elements
Na®b+y®2)—Na®b) —Ny®z2)—tr5(gla®@ b,y @ 2))

forall a®@band y ® z in M(H/H)/ mry ® L(H/H) [t
Hence, we will define a map V¢ : (NGM ONSL)(G/G) — N§(M 0O L)(G/G) by
defining two maps
¢ Im(tr$) — Taar

V' Z{M(H/H) /ey ¥ LIH/H)/ 1y} = Z{M(H/H) [ tmer) @ L(H/H) [ finer) }
such that the following relations hold.
Y (N((a+b) xy) = N(axy) = Nbxy) = o (trilgla,b) @y®H))
Y (N(zx (c+d) = N(zxc)—N(zxd) = ¢ (tr5z®" o g(c,d))

Since the submodule Im$(tr) = (M= g LAC/HN(H/H) /vy and
Tvor = (MDL)D‘G/AH(H/H)/WG(H), we can define the map 1) to be the isomorphism

induced from the isomorphism

Wy (MO D LGN (HHY = (MO L)Y (H ).
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Further, define ¢’ by ¢/(N(m x 1)) = N(m ® (). Then given a and b in M (H/H)

and y in L(H/H)
P'(N((a+b) xy) = N(axy) = N(Obxy))
= N((a+b)®y)—N@oy) - NOb®y)
= Na®y+boy)—Naxy)—NObOy)

= tri(9a@y,b@y)),
but ¥ (tr$(g(a,b) @ y®I¢/H)) = tr&(g(a ® y,b @ y)). Similarly,
V' (N(z x (c+d)) = N(zx¢) = N(z x d)) = p(tr§(z®19H @ g(c,d)))

for all zin M(H/H) and ¢ and d in L(H/H). Moreover, the construction of W forces
res$Uq to equal Wyres$ and tr& Wy to equal Watr§.

Finally, to show that this well-define map is an isomorphism we will create the
following diagram of short exact sequences such that the maps a and (8 are isomor-

phisms. Then, by the Five Lemma, V¢ will an isomorphism as well.

0—— Im(tr§) —> (NGM O NGL)(G/G) — (NGM O NGL)(G/G)/ pinsy — 0

T Lﬂ

0 TMDL NE(MDL)(G/G) NIC{:(MDL)<G/G)/T]MDL —0

We will let the map a be the isomorphism .
Before defining the map 3 we will simplify (N§M O NgL)(G/G)/Im(tTg) and

NS(M 0O L)(G/G) /1y, - To begin, the group

(NGM ONGL)(G/G)/ 1) = Z{AM(H/H)/ tmiury X LIH/H)/ tmen } @
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where () is the submodule generated by the elements N ((a+b)xy)—N(axy)—N(bxy)
and N(z X (c+d)) — N(z x¢) = N(zx d) for all a, b, and z in M(H/H)/ pirg) and

¢, d, and y in L(H/H)/Im(trg). The group
NiF(MOL)(G/G)/ 1y, = ZAM(H/H)/ 1m@r) @ LIH/H) 1y } o
where @)’ is the submodule generated by N(a®b+2z®y) — N(a®b) — N(z®y) for all

a®band & ®y in M(H/H),/ mar) ® LU/ H) (). Hence, NG(M 0 L)(G/G) /1,10,

is isomorphic to M (H/H)/ imry ® L(H/H)/ ). We define

B: (NGM ONGL)(G/G)/ 1murgy = N (MO L)(G/G)/1y0,

BN(m x 1)) = '(N(m x 1)).
But, ¢/(N(m x 1)) = N(m ® ) = m ® [, and so the map ( is an isomorphism by
definition of the tensor product. Further, it is clear by construction of W¢ that the
diagram of short exact sequences commutes.. Therefore, by the five lemma, the map

U is an isomorphism. O

2.2.2 Part 2: H is Any Subgroup of ¢

We will now extend the definition of the norm functor N§ : Macky — Mackg to
any subgroup H of G. Throughout this section let v be the generator of G, H be
Cyr for some k < n— 1, and M be an H-Mackey functor. The restriction 5, N M

must still equal M7/ and hence, if H' is a subgroup of H then (NGM)(G/H') =
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MPICTHI(H/H'). The generator v of W (H') acts on simple tensors of MPI¢/#I(H/H')

by

n—k

Y (Me @My @+ ® m'ypn"“—l) =" M) @M @My R ® m,pn—k_z

Y

where 77" " is the generator of Wy (H").

Remark 2.2.6. As we did in Remark for any subgroup H' of H we can write
a simple tensor

Me @ My @+ -+ Q@ Mpn—k_q

in MDlG/H|(H/H’) as a product over the Wg(H')-action:
(me @ 157" )y(my @ 197" 1) oo i, @ 191,

This concept remains valid even when considering the Cartesian product
M(H/H)*I%/Kl for a subgroup K of G such that K = C,; and H < K < G.

Letting n = p"*, this Cartesian product supports a Wg(K)-action given by
Y(Me X My X -+ o X Myn=1) = Mym-1 X Mg X My X ==+ X Meyn—2.
Thus, we can write an element
Me X My X =+ X Man-1
in M(H/H)*IG/Kl as the following product over the Wg(K)-action.

(me x 1O~ D)y(m,, x 107D AT My X 101y
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If K" is a subgroup C)r such that H < K’ < K then we can embed the element

. ’
Me X +++ X Myn-1 1N M(H/H)*IG/K by
I —
Me X =+ X Myn—1 > Mg X ==+ X Man-1 X 1XIG/ K =
Moreover, we can consider an element
Me X My X -+ 0 X m,y\c/xq—l
. ! . . .
in M(H/H)*IG/K'l as a product over the W (K')-action since we can write

Me X M~y X - XM _
e y ,Y\G/K’| 1
= (Me X -+ X Myn-1) X (Myn X =+ X Myan-1) X - -+ X (mv(pifr_l)v7 X s XM je/R/-1)
_ x|G/K'|— x|G/K'|—
— (meX---meAXl'/ |77)py77<m7nx...><m’y2n71><1‘/ ‘77)

1—7‘_1 G K/ _
P )77(7,ﬂbfy(zgl.7_1)77 X e XM a1 X 1}IG/K 1=y

Thus, given elements
I —
A=mg X - X Ay X oo X Myn-1 X 1XIG/K =

and

l_
B=mg X Xby X Xmya x IXIGEI

in M (H/H)*|%/%'l we can make sense of evaluating the monomials (ab) K" of Equation
at A, B, and their W (K’)-conjugates. Every monomial (ab)X” is a product of
the elements a, b, and their Wi (K’)-conjugates and consists only of elements v*a and

~v°b. They do not contain elements of the form ~*a™ and y*b™ for m > 1. Therefore,
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when we evaluate (ab)X" at A, B, and their Wy (K')-conjugates we obtain a single
product in M (H/H)*IG/%',

For example, in a Cg-Tambara functor, Equation for Ng; (a+0b)is

NE¥(a+b) = (2.2.5)
NG (a) + NG B) + tr(gcs(a.D) + 1 (NG ((ab) ™))

where (ab)%* = ay2b. Given a Cy-Mackey functor M, consider the elements a, x My
and b, X m, in M(Cy/Co)*1€16/Csl We can embed these elements in M (Cy/Cy)*IC16/C4l
by writing them as a. X m, x 1 X 1 and b, X m, x 1 x 1. Evaluating ay?b at these
elements gives

(ae x my x T X D)2 (be x my x 1 x 1) = (a, x m, x 1 x 1)(1 x1x b, xm,)

= Qe X My X be X M.
Similarly, we can embed an element m, x - -+ X m.s—1 of M(H/H)*I®/Xl in

M(H/H)®ISH by
Me X w0 X M1 F> Me @+ + @ Moyn—1 & 1|G/H|—n’
and we can write any simple tensor
Me @+ @ Myn—1 @ Man & -+ Q Myj6/m|-1

in M(H/H)®IG/Hl as a product over the Wy (H)-action. Hence, it makes sense to

evaluate the polynomial gy (a,b) of Equation at

Me® @Myt @ Aoy @ Meytr @+ @ Mgy @ 1219 HIT,
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Me® @M1 @ by @ Mogis @« -+ @ M1 @ 191677171

and their Wy (H)-conjugates.

For example, a monomial in g, (a, b) of Equation2.2.5)is ay%ay*a~%b. The elements
ae X My, and b, X m., of M(Cy/Cq)*1€16/%| embed into M (Cy/Cy)®IC16/C2l a5
ae ® m, @ 1%% and b, ® m., @ 19, respectively. Thus, we can evaluate ay?ay*ay%b at

these elements and their W, (Cy)-conjugates:
(e ® my ® 19%)7%(ae @ my @ 19°)7* (e @ my @ 199)7°(b, @ m, @ 1%°)
= (a.®@m,®1%)(1** ® a. @ m, ® 1*)(1** ® a. ® m, ® 1%?)(1%° ® b, @ m,)
= e @My @ ac @My @ e @My @ be @ M.
Furthermore, given an element
Me X =+ X Mai—1 X AT (T) s X Mger X o X Myn—1
in M(H/H)*I%/Kl we can consider the corresponding element
rest, (me) @ - ® 7’€Sg/(m,yj—1) ® T ® TGSg/(m,yj-H) ®-® resg,(qu) ® 181G/ H|=n

in M(H/H")®IS/H Since the polynomial f(x) of Equation consists only of mono-

mials containing single powered elements it makes sense to evaluate f(z) at
resg,(me) R QTy® - ® T@Sg/(mvnq) ® 1®IG/H[=n

and its Wy (H')-conjugates to obtain a simple tensor in M®!¢/#I(H/H).

For example, in a C¢-Tambara functor, Equation for NCCQ8 (trS2(z)) is

N (#r& (x)) = trS™(f (),
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and one of the monomials in f(z) is z7y22y'?29%z. Consider the element ¢r&?(z) x m.,
in M(Cy/Cy)*I€16/Csl We can evaluate the above monomial at z ® res?(m.,) @ 1%

and its W, (e)-conjugates.

(z® resS?(m.,) ® 190) 2 (z ® resS?(m.) ® 1%9)

2 (z® resS?(m,) ® 199) 45 (z ® resS?(m,) ® 1%9)

e

= (r@rest?(my) ®1%%) (192 @ z @ res?(m,) ® 1%4)

(1*"®+%2r @ VEresS? (m.,) @ 1%2) (1*®z® res$? (m-))

= z@res$?(m,) @z @rest?(m,) ® Y2 @ 1PresC2(m,) @ x @ res?(m.)

We now provide a complete definition of the norm functor NG : Macky — Mackg
for a nonmaximal subgroup H of G. We will then prove that for all subgroups H and
K of G such that H < K < G the map N§ is isomorphic to the composition N¢NE.
The proof that N§ is, in fact, a symmetric monoidal functor for all H is an easy

corollary of this result.

Definition 2.2.5. Given an H-Mackey functor M define the norm functor N§ :

Macky — Mackg as follows. If H' is a subgroup of H then define
(NGM)(G/H') == MO (H/H).

The W¢(H')-action on a simple tensor is given by

n—=k

Yo(Mme®@my® -+ @ m)ypnfk',l) =" - mvpnfk,l) ®Me @My @+ ®M_pn—k_5

where 77" " as the generator of Wy (H'). If H < H” < H then the restriction

" " . . . .
map restt, and the transfer map ¢rf, are the restriction and transfer maps given in



71

Definition . If K is any subgroup C,; of G such that & <7 < n then define
(NSM)(G/K) = (ZAM(H/H)* ¥} & (NGM)(G/Cp) fuatcyn) o
1. For me X my X -+ X m_yn-iy in M(H/H)*I9H) et
N(me X My X« o XM yn—i_y)

denote the corresponding generator of Z{M (H/H)*|¢/KI}. The generator ~y of

Wea(K) acts on this generator by

Y N(me Xmy X XM n—ioy) = N(Mpnig X e X My X oo XM pn-ios).

2. The transfer map tr5 ., is the canonical quotient map onto
p
((NEM)(G/sz—l)) /WK(Cpi—l)' We will refer to ((NgM)(G/sz—l)) /WK(Cpi—l)
as Im(tr§ ) and an element in this summand as ¢rf ; (Z) for some ¥ in
Pt P

(NGAL)(G/Cpio).

3. The restriction map res& , 1s given by
P
K K — —
resc (trcpj () = Z ~ T
’YSEWK(Cpi_l)

and

resgpi_l (N(me x -+ X mypnﬂ',l))

N«mwvuxmeAVW@Wﬂ it Clit > H

P

(e ® -+ @m_ oy )1/ it it oy = H
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4. The submodule FTR is generated by elements of the form

N(me X my X -+ X (@ +bys) X - X m,ypn_i_l) (2.2.6)

= N(me Xmy X oo X @ys X oo XM pnei_y)

~I

— N(mexmyx---Xby ><--~><m7pn7i,1)

Xl (S (D) ) - o)

H<K'<K

and
N (me X mey X - X g (€)X oo X mgnei o) = trg (f(249)) (2.2.7)

for all @ and b in M(H/H), x in M(H/H'), 47 such that e < 47 < ~*""'~! and

K . . 3 / .
a,ib,;)K" is the monomial (ab)’ of Equation

subgroups H' of H. The term (
[L.4.2 evaluated at

N
Me X My X o0 X Qi X oo e XM pni g X 1%IG/K’| IG/KI7

1 —
Me X My X -0+ X b,yj X -0 X M yn—i_ w 1XIG/K'| |G/K|,

and their Wi (K')-conjugates. The polynomial g(a,s,b,s) is the polynomial
gu(a,b) of Equation evaluated at

Me® @y @ @ M1 @ 18IG/HI-IG/K]

Me® -+ @ b,),j @ @ Myn-1 @ 1®|G/H|*\G/K\’

and their Wi (H)-conjugates as discussed in Remark [2.2.6, The polynomial

f(x,:) is the polynomial f(x) of Equation evaluated at

rest (me) @ resp,(m,) ® -+ @, @ -+ @ resm, (M pn-i1) ® 121G/ HI-IG/K]
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also discussed in Remark 2.2.6

It is not obvious that the submodule FTR in (NG M)(G/K) is Wg (K )-equivariant.

But, since 7 is the generator of Wg(K), in Relation we have

v [N(me x - X (a+b)y X"'Xm’ypn—i_l)

yi X X mwnﬂ-,l) — N(me X -+ X by X o0 X mypnfifl)]

—N(me x -+ Xa
= N(mvpnfi_1 X Me X -+ X (a+b)yjtr X o X mvpn7¢_2)

N (M pniog X e X oo X gt X oo XM, pnis)

=N (M pn—iq X Mg X+ X b X oo XM pn—i_s).
Moreover, v - g(a,s, b,i) is the polynomial gg(a,b) of Equation evaluated at
Mpni g @M @ -+ @ lygtr @ -+ @M _pni_» @ 1®|G/H|—\G/K\’

m'ypnfifl ® mMe K- ® bfyj+1 XX m,\/pnfifg & 1®‘G/HI_|G/K|’

— ’ . . 3 U .
and their Weyl conjugates, and - (a.;b.,)F is the monomial (ab)’*" of Equation|1.4.2

evaluated at

—
mrypnfiil X Me X +++ X a/ﬁ/jJrl X 0 X m,ypnfifg X 1><|G/K| ‘G/K"

x|G/K'|—-|G/K
M iy X Mg X e X by X oo X iy X DIGIEIGIRL

and their Weyl conjugates, and thus Relation holds under the W (K)-action.

Because tryy, (f(2,:)) is an element in (NEM)(G/Opi—l)/WK(Cpiil), a similar argument

will show that Relation is We(K)-equivariant.
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Example 2.2.7. Let M be a Cy-Mackey functor. The Cs-Mackey functor Nng is

shown in Figure [2.I] The submodule FT R, is generated by

Im(tr®)

(Z{M(@/@)} ® ZNEM)(OJ@)/WCS(@}) J—

C, Cg
resc,4 trc4

Im(trgg)

™~

(Z{M(Cz/Cz) « M(Ca/C)} ® M2 (CafCo) oo )/

resgg trgg
MOICs/Cl (Cy/Ch)
7“65502 trecz

M(C2/e)®\08/02|

Figure 2.1: The Mackey Functor Diagram for NgQSM

N((ae + be) x my) — N(ae +my) — N(be +m,) — trg;‘(ae ®@ My ® be ® My),

N(me + (ay +by)) = N(me + ay) — N(me +by) — trg;(me ® ay ®me © by),

N(tr&>(z) @ my) — tr&(z @ res$*(m.,)) ® x @ res$?(m,)), and

N(me® trecz (x)) — trec“ (resec2 (me) @ ® 7“68602 (me) ® x),
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and FTR¢, is generated by
N(a+0b) — N(a) — N(b)
- trgi(N(axb))—tr%(a@a@a®b—|—b®b®b®a+a®a®b®b), and

N(tr&(a)) —tréf(a®a®a®a+a®y'a®a®a).
Further, resgi(N(a)) = N(a x a) and resg;(N(me X My)) = Me @ My @ Me @ My
When K = G Definition gives
(NFM)(G/G) = (Z{M(H/H)} & Im(tr€,, ) /rrr

This definition is analogous to the definition of (N§M)(G/G) given in Definition

2.2.1, and we can still define the following map.

Definition 2.2.6. Define the map N : M(H/H) — (N§M)(G/G) by letting N(a)

be the corresponding generator in the free summand Z{M (H/H)} of (NGM)(G/G).

To show that a G-commutative monoid has the structure of a Tambara functor we
need this map N : M(G/H) — (N§it;M)(G/G) to extend to the internal norm map
NG : M(G/H) — M(G/G) of M. Thus, we quotient out by the FT'R submodule to
force the relations between the internal norm map and the transfer map described
in Properties 4 and 5 of Definition [1.4.2, But, in order for a G-commutative monoid
to be a Tambara functor we also need Property 2 of Definition to hold. In
particular, the internal norm map N§ must equal N¢NX whenever H < K < G.
Therefore, we must show that the map NG : Macky — Mackeg to be naturally

isomorphic to the composition N¢NJ .
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Moreover, if NG is isomorphic to N¢ NX for all subgroups K such that H < K < G
then since we have shown that N§ is a symmetric monoidal functor when H is

maximal in G, it will follow that N§ is a symmetric monoidal functor for any subgroup

H of G.

Theorem 2.2.7. Suppose that H < K < G and the maps N¢ : Mackyx — Mackg
and NE . Macky — Macky are as defined in Definition . Then the map

N§ : Macky — Mackg is naturally isomorphic to the composition N¢NK.

Proof. Using induction on n it will suffice to show that N§ is naturally isomorphic
to ngnlegpn_l. We will write N7 for NCCE;, and thus, given an H-Mackey functor
M, (since H = Cp,) we will construct an isomorphism @ : N N} 'M — NPM by
defining isomorphisms ® : (N N 'M)(G/K) — (N} M)(G/K) for all subgroups
K of GG such that each ® g is compatible with the appropriate restriction and transfer
maps.

We will first define @ for K a subgroup of H. If K < H then
(NI NETIM)(G/K) = (NE M)t (Gt [ K)
= (MM ON M, O DN M) (Gt / K)
where N, ;‘_1M i denotes the copy of Nl?_lM indexed by the element 77 of G/Cpn-1.
Similarly,
(N M) (Gt /) = MOV )

= (MOM, 0+ OM e, )(H/K)
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Hence,

(N371N£71M>(G/K) _ (MD|CP"*1/H\)D‘G/CPTL71‘ (H/K)

= (M0 0OM v, OM O OM iy 0o

DMy O OM i) (H/K),

and we denote a simpler tensor of (N*_ N 'M)(G/K) by

(® myz‘p) X <® m7¢p+1) K- ® <® m71p+p—1>
i=0 i=0 i=0

where o = p" %~ — 1. Then the generator v of the Weyl group Wg(K) acts on this

element by

v - <<® m7¢p> X <® m,yip+l> RN (® mviwpl))
=0 =0 =0
= (fyp_l . ®m,yip+p—l> ® <® m’yip) K& <® m’yipﬂ)—?) .
=0 =0 1=0

The element 47~ ! is the generator of the Weyl group chn_l (K), and

«
-1 -1
P @ = 7 (@O m )
=0

n—=k

= (¥ M) @Mapt @ - @Mk

where 47" " is the generator of Wy (K).

On the other hand,

(NfM)(G/K) = MH\(H/K)

= (M,0M, 0 0OM v, OM i) (H/K),
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and the Wg(K)-action is given by

v (me & m’Y Q- mfyp"_k—2 ® m»yp”_k—l) =

(" k) @M @My @ « -+ @ My
’an 1 e y ,an —9-

Therefore, we define the map

b (115 )

(H/K) — MYM(H/K)

to be the isomorphism that rearranges the indices. More specifically, the map ®x

sends

(MeD e DMypn_k—p) O (M

7D...DMW,L_,C_MI)D...D(M

O OM ok ) (H/K)

to

(M,OM, OM>0:-0OM n-ry OM i y)(H/K).

This map is an isomorphism that commutes with the appropriate restriction and
transfer maps because the box product is the symmetric monoidal product in the
category of Mackey functors.

Next we will define @ for K' = Cjr+1. The subgroup H is now maximal in K,

and

(N7 NPTMY(G/K) = (N MO NPT ML O 0N M, ) (Gt K.
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By Remark it follows that

(NP "M, ONP "M, O~ ON} ' M, 1) (Cpnn /K) =

<<®<N£1M)(Cpn—l/K%i) @Hn(trﬁ)) /FR

=0

01G/C |
where Im(trk) = (MDlC P 1/H|) 1 (H/H)/wm)- Further,

(NF'M)(Cppr /K) = (Z{M(H/H)MC”"%/K‘} D T) /FTR-

The summand T is (N} M)(Cpu-1/H)/w () and letting 3 be p" %72 — 1, we
write N(me X myp X -+ X m.sp) for a generator of Z{M(H/H)*I% /K1Y When
we quotient (N"_ N,y 'M)(G/K) out by the Frobenius reciprocity submodule we

identify all elements in 7" with elements in I'm(tr¥), and hence,

(NN M)(G/K) = ((@Z{ (H/H)* - 1/K'} ) @Im(tr§)> /7

We denote a generator of the (v/)"-copy of Z{M(H/H)*|%1/K1} by either
N(m,yi X m,yp+i X+ X mfyﬁp+i)

or N(mi,i) for short.
The elements that generate FTR result from fusing the F'T'R submodule of every
(N}'M)(G/K).: with Frobenius reciprocity. In particular, this fusion induces the

following relations for all indices v“P**, elements a and b in M(H/H), subgroups H’
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in H and z in M(H/H').

N(ﬁie)®®N(m71 X oo X (a,\/wp+i+b,ywp+i) X oo Xm,yﬁp+i)®"'®N(m,yp—1)
7N(7‘7Le)®®N(m,yq X oo X Qywpti X"'Xm.yﬂp+i)®"'®N(m,yp—l)

7N(T7Le)®~'~®N(m7¢ X"'Xb,ngﬂ»i X"'Xm,},ﬁp+i)®"'®N(m,\{p71)

Q

N(T?Le) ® e ® tTg(g(avaﬂ, b,ywp+i)) ® “ee ® N(m,ypfl)

triy (resfy N (1) @ -+ ® g(aywpti, bowpti) @ -+ @ resty N (1))

Q

Q

trir((me @ -+ @ 1My30) P @ -+ @ g(ayurtis byupsi) @ -+ @ (Myp1 @ -+ @ M ynt1_,) )
and

N(e) ® -+ @ N(ap X -+ X P H (@) qpei X - X M) @ -+ @ N (1o )

Q

N(me) @ trgl(f(x»ywp-&-i)) KX N(Tﬁ,yp71)

~ tri (resgN(ﬁ”Le) ®-® trg/(f(mvaﬂ)) ®-® resgN(ﬁ’L,ypq))

%

t?"g ((me)@)p R R t?"g/(f(x,ywpw%)) X Q& (m,yp—l)(gp) .

The polynomials g(awp+i,bywp+ti) and f(a.wp+i) are defined in Definition [2.2.5]

Further, because
p—1
Q2 { () oK1

1
i=0 i

is isomorphic to

Z {ﬁ (M(H/H)chn_lmh}

it follows that

(NZ_ 1Ny T M)(G/K) =

<Z {pl:[ (M(H/H)chnl/K%i} ® Im(tr§)> [ 77m

=0
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and a generator of the first summand is

N(me X mayp X - X Miysp X My X Myptt X oo+ X My ppg1 X oo
s X m,yp—l X o+ X m,y/Bp-l»p—l),
which we abbreviate to

N (e X My X =+ X Miyp-1) .

Then the submodule FTR is generated by elements of the form

N(’Iﬁe X X (m,yz X - X (a,ywp+i+b,ywp+i> X oee- eryﬁp+i) X oo Xm7p71>
— N (e X o+ X (M X oo 0 X Qupri X oo+ X Mppti) X oo+ X Mhop1)
— N (e X o+ X (M X v o0 X bywpri X v o+ X Myppri) X oo+ X Thop1)

_ tr}{((mg)@p KR-® g(avaﬂ-’ bW‘”p“) R ® (T?L,yp—1)®p)

and

N (e X -+ X (i X -+ X trg,(a:)wpﬂ X oo X Myspti) X oo X MThypo1)

((me)®p - trg/ (f(wipg)) & (mfyp—l)@p)
for all e < *PH < APPHP=L g and bin M(H/H), H' < H, and x in M(H/H'). Since

the Weyl group Wg(K) acts by

7~N(me><---><m75pxmwx---xmwgpﬂ X"'Xm,yp—lX“‘Xm,yﬁgﬂ»pfl):

N (mvgﬁpfl X Myp=1 X o X My (B-1)ptp—1 X M X =+ X Mysp X > ,

the submodule FTR is Weyl equivariant.
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Per contra,
(NEMY(G/K) = (ZAM(H/H) 1y & M) i ) [rrn
and a generator of the free summand is given by
N (e X My X Mgz X v XM pnk-1y ).
Therefore, we define the map
Cp (N NPT M)(G/K) — (Ny M)(G/K)

by defining two maps

o+ ()T

¢/K . Z{ﬁ(ﬂ(H/H)xlen_Mm) i}%Z{M(H/I'UX'G/K'}-

1=0

(H/H)/wem) — MO HH) [y )

We define the map ¢k to be the isomorphism induced from the isomorphism

0IG/Cyn—1]

Dy ¢ (MO /) (H/H) — M%/"\(H/H)

described above, and the map ¢’ is the isomorphism that rearranges the indices of a

enerator N (Mme X M~ X - -+ X M~p-1). In particular, ¢, maps
v ¥ » Pk

N (e X Map X -+ X Mypp X My X Mogptt X o+ X Mppt X oo X Mip=1 X ==+ X M, fptp1)

to

N (e X My X Mz X w00 XMkt X 1M yn—k—1_1 ).
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The isomorphisms ¢ and ¢g pass to a well-defined map @k, and a Five Lemma
argument analogous to the proof used in Theorem shows that ®x is an isomor-
phism. Moreover, this map commutes with the appropriate restriction and transfer
maps by construction.

Next we use induction to build isomorphisms
Cc, (NG NI M)(G/Cpi) — (NP M)(G/Cyi)

for k 4+ 1 < ¢ < n. Using an argument similar to the one above we can show that
(NP N 'M)(G/C,) is isomorphic to
p—1
(Z {H (M(H/H)X'Cpn—l/cp”)’yr } D (Ng—lNg_IM)(G/CPi_l)/chi (Cpil)> /fi\“l/%
r=0

where FTR is the submodule generated by

N(T?LEX-”X(m,YrX-HX(CL,Yj ‘l_b,yj)X"‘Xm,Y&p-{»r)X"'Xm.yp—l)

— N (e X - X (Myr X oo X Ay X o X Msper) X oo X MTp—1)

— N (e X -+ X (e X oo s X by X e s X M) X oo X MThyp1)

_ Z trIC(’,’i (N ((me)XICm‘/K’| X e X Z(awﬂ'b;’)f{/ X e X (m’yp_l)X|Cpi/K/|>>

H<K/<Cp¢

_ ter' <(me)®|0pi/H\ Q- ®g(%j’b’y].) Q@ (m7p71)®|cpi/H‘)
and

N(meX'”X(mWrX"'Xtrg/(x),yjX"‘Xm,yép-‘—r)X"'XTﬁ,\/pfl)

_ t'rgpi ((T?Le)®p R ® trg, (f(CU«/J)) R ® (Tﬁ,yp—l)@p)
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for 6 = p""! — 1 and for all e < 4/ < 4P™P~L gand bin M(H/H), H < H, and =

in M(H/H'). The group

pl

(NEM)(G/Cyp) = (2 { a1 I5/% 1 & (NEM)(G/Cp) w0y ) e
We can define a map (IDCPZ. by defining two maps
gzﬁcpi : (N:—lN]:L_lM)(G/Cpi‘l)/Wsz‘ (Cphi-1) — (NI?M)(G/Opi)/WCPi (Cpi-1)

} S 7 {M(H/H)X‘G/Cp”} .

p—1

6, : Z {H (2 (r /) 19m20001)

P
i=0 v

We can assume by induction that
Coy t (N NPT M)(G/Cir) = (N M)(G/Cia)

is an isomorphism, and so we define ¢Cpi to be the corresponding induced isomor-
phism. The map ¢ . is the isomorphism that appropriately rearranges the indices
pl

of the generators of Z {Hfol (M (H/H )X|C:v”—1/ Cﬂ') } These isomorphisms pass

’Yi

to a well-defined map CDpr and, as above, a Five Lemma argument will show that
<I>Cpi is an isomorphism. Moreover, it is clear by construction that this isomorphism
commutes with the restriction and transfer maps.

Finally, it remains to define an isomorphism
Og : (N, NI M)(G/G) — (Ny M)(G/G).
The group
(NP M)(G/G) =

(Z{M(H/H)} & (NFM)(G/Cpr) fweic,n)) [ e,
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and (N"_ N;}"'M)(G/G) simplifies nicely. Indeed,

(Na NPT M)(G/G) =

G
Im(tGCn,l )

(Z{(NP M) (Cpnt [ Cpn) s @ (N:z_lN,zHM)<G7cpnf1>/wc<cpn_$)/TR,
and

(NIZLAM) (Cp”‘l /Cp"‘l) =

T

-~

(@(1(H/H)} & (NI (Cs [Cpe) w0 )
Thus, we will write
(N N2 M)(G/G) = (ZA(Z{M(H/H)} © T) [prr} © Im(trl ) [7r.

and we will let n(a) denote a generator of the free summand Z{M(H/H)} in

(NP M) (Cpn-1 /Cpu—1). We can identify all elements of T' with elements of

Im(trg ), and via Property [1.4.4] the formula for N (n(a + b)) must be isomorphic

to the formula for N(a+b) in (N M)(G/G). Similarly, the formula for N (n(trf,(z)))
must be isomorphic to the formula for N(¢rf,(z)) in (NFM)(G/G). Hence,

(N N} 'M)(G/G) is isomorphic to
(Z{DL(H/H)} & (N, N7 M) (G Cn) ety ) [
and thus we can build an isomorphism ®4 by defining the two isomorphisms

dc + (NG N M) (G Car) fwes(Cpur) = (NEM)(G/G) [wisc,pu)
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and

¢q: L{M(H/H)} — Z{M(H/H)}.

The map ¢¢ is induced from the isomorphism <I>cp and we let ¢, be the identity.

n—17

Therefore, we have defined an isomorphism ® : N | N;" "' M — N/'M. It follows that

NENEM is isomorphic to NG M whenever H < K < G. O

Corollary 2.2.8. The map NG : Macky — Mackg is a strong symmetric monoidal

functor for all subgroups H of G.

Proof. Using the notation of the previous proof, we denote NG by Nj*. By Theorem

2.2.7, the map N} is isomorphic to the composition

n n—1 k+2 aTk+1
anan72'”Nk:+lNk )

and by Theorems |2.2.3| and |2.2.4| each N/ ; is a strong symmetric monoidal functor.

Therefore, the map N§ is a strong symmetric monoidal functor as well. O]

2.3 The New G-Symmetric Monoidal Structure

We can now use these norm functors NG : Macky — Mackg to endow the category

of G-Mackey functors with a G-symmetric monoidal structure.
Theorem 2.3.1. The functor (—) ® (=) : Lete™"** x Mackg — Mackg given by

e M =A
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o G/H® M := N§ityM for all orbits G/H of G, and
e (XTIY)® M :=(Xe@M)O(Y ®M) for all X and Y in SLetE"
is a G-symmetric monoidal structure on Mackg.

Proof. The functor (—) ® (—) is symmetric monoidal in the second factor because the
functor N§ is strong symmetric monoidal. Moreover, if we restrict (—) ® (—) down

to Letf'™Is0 x Mackg, then X @ M = (x» @ M)"¥I and since
x@M=G/G®M=NGigM =M

it follows that this restriction is the canonical exponentiation map.

It remains to show that (—) ® (—) satisfies Property 3 of Definition [2.1.1] It will
suffice to show that (G/H x G/K)®@ M = G/H ® (G/K ® M) for all orbits G/K
and G/H. Assume that H = Cpx, K = Cp, and i < k. Then the G-set G/H x G/K
is isomorphic to I1,»—»G /K, and so

(GIH x G/K) @M = (ILG/K)@ M
~ (G/K @ M) "
= (Ngi )™
ek

= Ny (M

).
Furthermore, G/H ® (G/K ® M) = N§i%;N%i% M, but by Theorem [2.2.7]
i NgigM = iy NN M

= (N )™
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. . . —k .
Because we are considering (NHi5 M)?P" " as an H-Mackey functor there is no

We(H)-action, and hence by Theorem [2.2.4]
(N3 M)™"" 2 Nz (M),

and it follows that

n—k

I

G/H®G/K @ M NGNEz (M)

. n—k
= Ngip(M™

).

Therefore, G/H ® (G/K ® M) is isomorphic to (G/H x G/K) ® M, and we have
endowed the category of G-Mackey functors with a G-symmetric monoidal structure.

]

2.3.1 Tambara Functors are the G-Commutative Monoids

Finally, we need to show that Tambara functors are now the G-commutative monoids

by proving the following theorem.

Theorem 2.3.2. A G-Mackey functor M has the structure of a G-Tambara functor
if and only if the functor (=) @ M : yetgm’lso — Mackg extends to a functor

(=) ® M : LetEin — Mackg.

, YoM
5% etgm’lso i IM acke
7

e
re
-
e
-

Fetkin
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Before proving this theorem we need to extend the norm functor NG : Macky —
Mackg to a functor N, }} : Tamby — Tambg of Tambara functors, and show that
this extension is left adjoint to the restriction functor i}, : T'ambs — Tamby that

takes a G-Tambara functor to its underlying H-Tambara functor.

Lemma 2.3.3. For all subgroups H of G the functor NG : Macky — Mackg

canonically extends to a functor NG : Tamby — Tambg.

Proof. By Theorem it suffices to let H be the maximal subgroup of G. To show
that the norm functor NG extends to a functor N5 of Tambara functors we need
to show that if S is an H-Tambara functor then NS is a G-Tambara functor. To
begin, let Greeny and Greeng be the categories of H-Green functors and G-Green
functors, respectively. Since NG : Macky — Mackg is strong symmetric monoidal it
extends to a functor NS : Greeny — Greeng such that the diagram below commutes
where the vertical maps are the forgetful functors that send a Green functor to its
underlying Mackey functor.

G
Greeny —= Greeng

|

Macky _2) Mackq
Thus, given an H-Tambara functor S the G-Mackey functor N§S will be a G-
Tambara functor if we can define the internal norm maps N%, : (N§S)(G/K') —
(NSS)(G/K) for all subgroups K and K’ of G. If K and K’ are subgroups of H such

that K’ < K then we denote the corresponding internal norm map of S by
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NE . S(H/K') — S(H/K). Moreover, in ([I2], Proposition 9.1) Strickland shows
that the box product is the coproduct in the category of Tambara functors. Hence,

we can define the internal norm
NE, . sPCHI(H /K" — SPIG/HI(H/K)

of NGS by defining N, to be (NK,)PI6/H1,
It remains to define the internal norm maps N¢ : (N$S)(G/K) — (N$S)(G/G)
for all subgroups K in G. First, define the internal norm map NG : (N$S)(G/H) —

(NSS)(G/G) by the composition
SO H) 2 S(H/H) = (Z{S(H/H)} & Im(tr§)) /rn.

The map m is the multiplication map of Definition the map N is given in
Definition If K is a subgroup of H then we let the internal norm map N :

(NGS)(G/K) — (N§S)(G/G) be the composition
S9CHI(1 /1) 5 S(/K) 5 s/ 1) Y (NGS)(G/G).

The nature of the construction of (N$S)(G/G) forces these compositions to support
all of the properties of an internal norm map described in Definition [1.4.2] It follows
that the functor N§ : Macky — Mackg extends to a functor NG : Tamby —

Tambg. O

Lemma 2.3.4. For all subgroups H in G the functor NG : Tamby — Tambg is left

adjoint to the restriction functor ij; : Tambg — Tamby.
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Proof. Let H be the maximal subgroup of G and Tambg(S,S’) be the set of mor-
phisms S — S’. By Theorem and the following formal property of adjunctions

it will suffice to show that there is a natural bijection
F: Tamby (S, 5 R) — Tamba(NFS, R)

for all R in Tambg and S in T'amby.

Property of Adjunctions 2.3.1. Suppose that L : C — C" and R : C' — C form an
adjoint pair, as do the functors L' : ¢’ — D and R’ : D — (C’. Then the composite

functors L'L : C — D and RR' : D — C yield an adjoint pair as well [9].

A morphism ¥ in Tambg(N§S, R) consists of a collection of ring homomorphisms
{Ux: (NVE9)(G/K) — R(G/K) : K < G}

that commute with the appropriate restriction, transfer and norm maps. But, we

have defined (N5S)(G/G) by
WES)(G/G) = (Z{S(H/H)} ® Iml(tr)) /R,

and every element in (N5S)(G/G) is either in the image of the transfer map tr% or is
a sum of elements in the image of the norm map N§. (Indeed, every generator N(a) in
Z{S(H/H)} is the norm of the element a®1®I¢/H1=1 in (N$S)(G/H).) Thus, since we
require NGUy to equal UgNG and tr&¥ g to equal Wgtr$, the ring homomorphism

Ve« (NGS)(G/G) — R(G/Q) is completely determined by Wj. Moreover, for all
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subgroups K of H

(NVES)(G/K) = MP“M(H/K),
and hence a morphism ¥ : NS — R is completed determined by a collection of ring
homomorphisms

(Vg : MUYHI(H/K) - R(G/K) : K < H}.

By Remark the above set of maps determines and is determined by a collec-

tion of W (K )-equivariant maps
{0k : S(H/K)®I¢/1l & R(G/K) : K < H}
such that whenever K is a subgroup of K’ the maps 0y and 0 must satisfy

O 0id® 1 @ tr? ® 1d®Pt = tr? 00k o (T@S?)@_l ®Rid® (res?)@’p_i for all ¢
O o (resk)®P = resk oy (2.3.1)

Ok o (NEN®P = NE o6y,
But, each 0 is determined by a Wy (K )-equivariant map @ : S(H/K) — R(G/K)

that commutes with the appropriate restriction, transfer and norm maps because we

can define

Ok(Se® 5y @ @ sp-1) = Og((s¢@1P )y (55, @1%P71) o qyP7l (50 @ 19P71))

= Dg(se)y  Pr(sy) - yp_l . <I>K(5,Yp_1).
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It is straightforward to verify that Relations hold. For example,

(O 0 id®*P ' @ trE ) (5, @ 5, @ - @ 5,01)
= Oxr(Se @5, @ DUk (syp-1))
= ()7 - Prcr(sy) AP Prr (b (sy0-1))
= Opo(se)y- Prolsy) - triy (77 Prclsyp1))

_ K’
= trg

(resk ®gi(s.)y - resk ®gi(s,) ... 4P "1 Pg(s,0-1)) (Frobenius reciprocity)

= trK (Ogresk (s.)y - Prresh (s,) AP B (sy1))

= (trk ofk o (resk )P @id)(s. ® 5, @ -+ @ Syp1).
In fact, the maps ®x are in one-to-one correspondence with the maps 0. If 0 = 0%
then O (5. @1 ® - ®1) =04 (s. @1 ®---®1). Hence, P (s.) = P (s.) for all s,
in S(H/K), making 5 = &’.

Therefore, given ® in T'amby (S, i} R), we define the bijection
F: Tamby (S, 5 R) — Tamba(NGS, R)

by letting F(®) : N§S — R be the morphism determined by the collection of ring
homomorphisms
{F(®)sc - S(H/K)HH = (i, R)(H/K) : K < H}

where each F'(®) is given by

F(P)g(Se ® 8y @+ @ sqp=1) = Pre(5e)y - Prcl(sy) -7+ Pre((50-1).
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We now prove Theorem [2.3.2]

Proof. Let S be a G-Tambara functor.Given any map G/K — G/H between orbits
we need to define an induced map G/K ® S — G/H ® S of Mackey functors. By
Lemma there is a counit map Ni%.S — i%.S from the adjunction between N
and i%. We obtain the map induced from G/K — G/H by applying N'§ to the above
counit map. The result is a map NGNZi%.S — N§i3.S, which by Theorem is
amap G/K®S —G/H®S.

Now assume that (=)@ M : Lete™"** — Macke extends to a functor Set5™ —
Mackg, and so every map X — Y of finite G-sets induces a map of Mackey functors
XM — Y ® M. We will show that this property endows M with the structure
of a G-Tambara functor. First, the Mackey functor M will be a commutative Green
functor if we can define a multiplication map m : M O M — M and a unit map
1y 0 A — M such that the diagrams in Definition commute.

Letting % be the orbit G/G, so that x ® M = M, we define the multiplication
map m to be the map induced by the projection map p : * II x — *. Moreover, the
inclusion map 7 : ) < * induces the unit map, and if we apply the functor (—) ® M
to the following three diagrams in .et5™ then we obtain the desired commutative
diagrams in Mackg.

idllp

* 1T 1T % * 1T %

pllid p
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(1T % illid x 1T % illid 011 * 1T % T x 1T %

N

*

The commutative Green functor M will be a Tambara functor if it supports in-
ternal norm maps N¥ : M(G/K) — M(G/H) for all subgroups H and K of G. The
map H/K — H/H of H-orbits induces a map v : NEit. M — i%, M of commutative
Green functors, and regarding (i}, M)(K/K) as M(G/K) we can define the internal

norm map NZ : M(G/K) — M(G/H) to be the composition
M(G/K) 2 (Nflise M) (H/H) <5 M(G/H).

We defined the map N : M(G/K) — (NZiM)(H/H) in Definition 2.2.2, Fur-
thermore, the construction of the norm functor NZ : Mackyx — Macky and the
definition of the map N force this composition to maintain the necessary compatibil-
ity requirements described in Properties 4 and 5 of Definition Since the functor
N¢ : Macky — Macky is isomorphic to the composition of functors N§NZ for all
H, K, and G, it follows that the internal norm N¢ : M(G/K) — M(G/G) equals
the composition NN of internal norms.

Lastly, we need to verify that res% NG (m) =[] m 7y -mforallmin M(G/H)

YEWG(

and all subgroups H of G. The composition

resENG(m) = rest(vS)aN(m)

= (yg)HresgN(m)

= (VE)H(méélG/H\)
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where the map (v§)y : MP/H(G/H) — M(G/H) is induced from the map
iy(G/H — G/G). This map must be the fold map [] ¢y H/H — H/H twisted
by the Weyl action because the composition G/H X G/H — G /G agrees with the

map G/H — G/G. Therefore, (V) is given by

|G/H|-1

mi ®ma @ -+ @ mygym| — ma(y-ma) - (v L myGyH)),

and resG NG (m) = I1 ewg(y v - m. We conclude that M maintains the structure
of a Tambara functor, and moreover that Tambara functors are the G-commutative

monoids. O

2.4 Two Interesting Consequences

2.4.1 Building Tambara Functors From Commutative Rings

There is an extra perk to the fact that the norm functor NS : Tamby — Tambg
is left adjoint to the restriction functor ¢}, : Tambs — Tamby. If H is the trivial
subgroup and S is a G-Tambara functor then },S is simply the commutative ring
S(G/e). Thus, we can use N to build a Tambara functor from any commutative

ring.

Example 2.4.1. Constructing the Tambara Functor N2(Z/3).
The ring

NE(Z/3)(Cyfe) = Z/3 @ Z.)3 = 7.)3



97

with trivial Cy-action, and
NEHZ)3)(Co/Co) = (Z{N(0), N(1), N(2)} © Z/3)/rR.

Then Tambara reciprocity induces the following relations.
N(0)=0 (2.4.1)
N@2)=N1+1)=N1)+N1) +tr2(1®1)

0=N(1+2)=3N1)+tr2(1®1) +tr(1®2)
Hence, we can eliminate N(0) and N(2) as generators, 3N (1) = 0, and as a group
N (Z)3)(Co/Co) = Z/3{N(1)} @ Z/3{trE*(1)}.

We use Frobenius reciprocity to determine the ring structure. In particular,

trO2(Drf2(1) = tr%2 (1res2 (1)) = tr%2(2) = 2tr<2(1),

and so if we let tr2(1) = t then N2(Cy/Cy) = Z/3[t]/i2—;. Via Property 3 of

Definition we have res¢?(1) = 1 and

€

res?(t) = Z v-1=2.

~y€Cq

It remains to determine the internal norm map N2 : Z/3 — Z/3[t] /2=, and as

described in the proof of Lemma [2.3.3, we define this map via the composition

7/3R7/3 2 7./3 L 7/3[t] /12 —a
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where m is the multiplication map of Z/3. The map N : Z/3 — N 2(Z/3)(Cy/Cs)
is the map of Definition [2.2.2 and thus if we combine this map with Relations [2.4.1

then
N(0) = 0,
N(1) = 1, and
N(2) = 2+t

Therefore, we define the internal norm map of N2(Z/3) by N2(1) = 1 and N&2(2) =

2 4 t. We can now construct the Tambara functor diagram for N2(Z/3).

1 t Z/3[t] /12— t
resgz Nec2 tTSQ
1 2 7/3 1

Example 2.4.2. Constructing the Tambara Functor N*(Z[z]/x?).
Since the group N2(Z[x]/x?)(Cy/e) consists of Z[z]/2* ® Z[z]/x? with a Weyl

action that swaps the tensor factors, as a ring,
N2 (Z[z)[2)(Cofe) = Lz, 9]/ (2%, %),

and if ~ is the generator of C; then the Cs-action is given by v -x = y. The group

N2 (Zz]/22)(Co/ Cr) s

(Z{Z[z]/2*} & (Z[2,y]/ (2", 4)) /cs) /T
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but this simplifies nicely. When we quotient Z[x, y]/ (22, 3?) out by the Cy-action we
identify = with y, and so we will write the transfer summand as Z{t,v,w} where
t =tr¢2(1), v = tr&2(x), and w = tr2(xy). Further, by Tambara reciprocity we can
write every generator N(a+ bx) of Z{Z[z]/x?} as a linear combination of N(1), N(x)

and transfer terms. Hence, N2(Z[x]/2%)(Cy/Cs) becomes
Zlz)/2* © Z{t, v, w}.
We determine the multiplication using Frobenius reciprocity. For example,
wt = xtr?2(1) = tr2(res?(2)1) = tr&(zy) = w, and

vw = vtr? (zy) = tr2(resS2 (v)ay) = tr2((z + y)ay) = 0.
Thus, as a ring N2(Z[x]/2*)(Cy/Cy) is isomorphic to

Z[l’, t,v, w]/xt:w,tZ:2t,tu=2v,tw=2w,v2=w,x2:xw:xv:vw:w2:0-
The internal norm map of N.°2(Z[z]/2?) to is given by the composition

Zla)fa® © Zle] Jo* T Zla)/2® =5 N2 (Z[a) [27)(Ca/Cr),

and hence N“2(r) = N(y) = x. We show the Tambara functor diagram for

N (Z[x]/z?) below. We used Property 3 of Definition to determine the re-
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striction map.

1 ¢ v w oz NE(Z]x]/27)(Co/ Cs) tovovw
7”(:‘802 NC2 tr02
1 2 z+y 2ay ay Zlz, y)/(2*, y?) 1 r y ay

2.4.2 Green Functors Can Have Multiple Tambara Functor
Structures

We can also use the norm functors N§; : Macky — Mackg to endow a commutative

Green functor with more than one Tambara functor structure.

Corollary 2.4.1. If a Mackey functor M 1is a G-commutative monoid with endo-
morphisms that are not automorphisms then M will exhibit more than one distinct

Tambara functor structure.

Proof. Let M in Mackg be a G-commutative monoid. Then by Theorem the
Mackey functor M is Tambara functor, and as described in the proof of Theorem
for all subgroups K and H of G we can define the internal norm maps N :

M(G/K)— M(G/H) of M by the composition
M(G/R) & (Vi) (a1 /) 2 MGy )

However, if a map ¢ : M — M is an endomorphism but not an automorphism then



101
the maps N : M(G/K) — M(G/H) given by the composition
v g I
M(G/K) % (NJEi5M) (H/H) <22 M(G/H) 25 M(G/H)

also define valid internal norm maps. Hence, we have constructed another distinct

Tambara functor structure on M. O

Example 2.4.3. We will endow the Cy-Tambara functor Fr(Z[z]/z*) defined in
Example|l.4.§ with infinitely many Tambara functor structures. The Tambara functor

Fr(Z[x]/x?) is given by the diagram below.

L u n Fr(Z[z]/2%)(C2/Cy) L
resec2 Nec2 t'rg2
2 2x 0 Zlx]/x?

The ring Fr(Z[z]/2?)(Cy/Co) = Z[t, u, n]/ 12=2t tu=2u,tn=nu=u2=n2=0), and N&(x) =n.

We can forget the Tambara functor structure of Fr(Z[z]/x?) by eliminating the
norm map and consider Fr(Z[z]/x?) as a commutative Green functor. We can then
reconstruct its Tambara functor structure by building N2:% (Fr(Z[z]/2?)) and a com-
mutative Green functor map v2 : N2i*(Fr(Z[z]/x?)) — Fr(Z[z]/2?). But, since
i*(Fr(Z[z]/z*)) = Z[z]/2?, we have already accomplished much of the heavy lifting

in Example [2.4.2, In Example we discovered that

N2 it (Fr(Zlz]/2%))(Co/Cy) =

Z[I’7 t7 v, U)] /xt:w,t2:2t,tv:2v,tw:2w,02:w,xQwa:xvsz:w2:07



and thus the commutative Green functor N2i*(Fr(Z[z]/x?)) is

1 ¢ =z w oz NE(Z]x]/27)(Co/ Cs) tovovw
7”6802 tr02
1 2 z+y 2ay ay Zlz, y)/(2*, y?) 1 r y ay

We can define the map v2 : N2i*(Z[z]/x?) — Fr(Z]x]/2*) by letting
(Ve?)e : Zlw, y)/ (2%, y*) — Z[a] /2

e

be the map induced from the multiplication map

Zlz]/2* @ Z[x]/x* — Z[z]/2?
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and (v9?)¢, () equal n. Because we need (v2)¢, o tr to equal tr o (v52), we define

(VeCZ)Cz(t) = 1,
(yec2)02(v) = wu, and

(Ve*)en(w) = 0
The internal norm N2 of Fr(Z[z]/2?) is given by the composition

Zla)/a* %> (N2)(Z[x)/27)(Co/ Cs) (s, Fr(Z[z]/2*)(Ca/Cy).

Hence, N“2(x) = n, and we recover the Tambara functor structure discussed in

Example [1.4.8
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However, given integers k and s, we can define an endomorphism /% of

Fr(Z[x)/z?)

k:,s

CQ/CQ 02/02

O LG

by defining ¥**(r) = kx and wg;(t) =1t, ¢é§(u) = ku, and wé;(n) = sn.

k,
pe®

We can then define another internal norm map of Fr(Z[z]/x?) by the composition

(v?) &y

Zla] f?> e NO2(Z]a] /7) (Ca C2) 2 Pr(Z1a] /%)(C2/ Ca) i Pr(Zlz]/2%)(C2/C2)

T N(z) ni sn
There are infinitely many endomorphisms %%, and they give rise to infinitely many
internal norm maps N2 : Z[z]/2? — Fr(Z[z]/2?)(Cy/Cy). Therefore, we can define

infinitely many distinct Tambara functor structures on Fr(Z[z]/z?).
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