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Agenda
• Mean Field Theory

– History: van der Waal
– 1D Ising model
– Correlation function Theory
– Critical opalescence Experiment

• Landau’s
– Free energy definition
– Why significant advance in concept?
– An example

• Validity of MFT
• Next time:



Notable Persons of the Week

Van der Waal Landau  
1837-1923 1908-1968



Notable Pictures of the Week

Kadanoff, 2010

1. Qualitative difference: bifurcation, nonlinearity, singular or non-analytic?
2. Can brain or its function, modeled by phase transition?
3. What is its or their <m(r,t)>?

Lower Temperature
Broken Symmetry
Acquire correlation:
Micro interaction->
Macro behavior



Mean Field Theory (MFT)

• Cubic in V
• Unstable? Metastable?



Maxwell Stabilized it

• Finite ∆ρ at isotherm
• Equal area rule



Fluids and Magnets



Fluids and Magnet Data



1D Ising Model MFT (I)
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Ising Model MFT (II)
  , ,   a magnetic field H and interacting with <nn>, J ,
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Ising Model MFT (III)
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Next big Idea: Critical Opalescence 
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• T. Andrews (1869): clear 
fluids becomes cloudy

• Smoluchowski (1908), 
Einstein (1910)
Density fluctuation become large at 

critical point and cause 
divergence in compressibility

• Ornstein and Zernike (1914)
Not the size in fluctuation but the 

range of fluctuation region



Spatial Correlation Function



Spatial Correlation Function



Time Correlation Function



The answer is:
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Consequence is:
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Landau (~1937) Order Parameter Concept

• 1st order Phase transitions
are manifestations of a Broken Symmetry 
of an 
• Order parameter

• fluid density, magnetization
• measures the extent of symmetry 
breaking

• Spatial and time dependence implicates
• Correlation (scattering experiments) 
and
•Dimensionality (next time)



Universality?
• Ferromagnet
• Binary alloy
• Liquid-gas
• Surface adsorption
• Approximated 

models may be 
incorrect for critical 
phenomena



Universality

Kadanoff et al, RMP 39, 395 (1967) 



The Order Parameters



Generalized MFT
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Summary
• Mean Field Theory

– History: van der Waal
– 1D Ising model
– Correlation function Theory
– Critical opalescence Experiment

• Landau’s
– Free energy definition
– Why significant advance in concept?
– An example

• Next time
– Validity of MFT: fluctuation effect
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Classical Formulation
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Ideal Gas: PV=NkT?



[ ]

1

3

1

1
23 3 3/2

3

,

 N independent, identical particle in a box of size, V=
1( )

2

( ,1

 

, )
 Z( , , )   

!

( ,1, ) ( 2 )

, , ( ( ), , )

N

i i
i

N

i i
i

N

p p
m

N

L

H c p p
m

Z V
N V where

N

VZ V d r d pe m kT

F N
h

N VN TV k
V

p
V

β

β

β
β

β π

ββ

=

− •

=

• •

•

≡

•

∂
=

∂

=

∑
= =

• ≡ −

∑

∫ ∫
 

 

 



Ideal Gas: Energy Fluctuation?
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Review: Water Phase Diagram

T. Andrew, “On the continuity of the gaseous and liquid states of matter,” 
Phil. Trans. Roy. Soc., 159, 575 (1869).

For carbon dioxide, (T,P)=(31.1o C, 73 Pat)



First MFT (of van der Waals)

A cubic equation

| |

13

 

...

/ 2  and 

  field seen by the i  molecule be replaced by
an average field from all others, ignoring su

1

rface effe

( , , ) ...

ct

!

i j
i j

r r

NN

attr hard core
th

r dr

h mkT

MFT fluc

Z T V N d e
N

tuating

β φ

π φ φ φ

<

−− ∑

Λ
Λ ≡ =

• ⇒

=

+

∫ ∫
 

 

2

2

| |
2

. . 13

2

. . .2 2
,

1( , , )  where 

| |

...
!

( , , )

 van d

1
2

...

2

er Waal assu e

|

s

|

m  

hc i j
i j

attr i j
i j i i j

JN

j attr i j

r r
V

h c h c NN

h c h c
T N

JNr r
V

r dr

JN p

Z T V N e Z Z d e
N

F T V

Ndr

N ap p
V v

r

V

r J
V

β β φ

φ φ

<

< <

− −

→ = = −

∑
=

−

=

 − − 

∂



= − = − = − +
∂

•

Λ



+

∑ ∑

∫ ∫

∑∫
 

   

 

.

2

. (Z )N
h c

a kTp
v v

V Nb

b
= − +

=

−

−



Review

“Cubic” equation results in unstable isotherms
below Tc
Appearance of a pair of complex conjugate roots.
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