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Agenda

e Experimental Data
 Homogeneous Functions, a Review
e Scaling hypothesis of Widom

e Order Parameter of Landau
— Concept only

e Block Renormalization of Kadanoff
e Next time:

— Landau’s Order Parameter
— Correlation function of Ornstein-Zernike



Notable Quote

e The principal object of research in any
department of knowledge

e Is to find the point of view from which
e the subject appears in its Simplicity

J. W. Gibbs



Motivation |. Systems

Tanre I. Partial list of transitions with critical points. In general, the symbol & denotes the conjugnte to {p}.
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Motivation |lI: Parameters
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1st: Relations among Indices?
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2nd: “Universal” Equation of State

&
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J.T. Ho and J.D. Litster, PRL, 22, 603 (1969)



Homogeneous Function

e Homogeneous function f (x, y) of 2 variables, x and y

e Definition: for all x and y,x > AX,
F(x,y)= T(AxAy)=2°1(X,y)

o Set Ax=1= f(Ly/X)=x"P"f(X,Y)
of(X,y)=x"f(L,y/x)or

. f(x,y):F(zj

X" X

e.g. magnetic equation of state M =M (e, H)
e=(T,.-T)/T,=7?



Widom’s Scaling Hypothesis (1965)




Widom’s Scaling Hypothesis (1965)

e Gibb's potential G(e= (T —T,)/T_,H) is a homogeneous function:
G(A%, A"H) 2 AG(e, H)
e Only 2 exponents:a and b

Equation of State is given by:m =M(T,H) >
.

A'M (2%, 2°H) = AM (¢, H)

e Relationto f: H =0, 1 — (-1/¢)"*

M (6,0) — (_6)(1—b)/a M (_11 0) - (_E)ﬂ — ﬂ _ %

e Relationto 5:¢=0, A >H™"

M(O,H):H(l—b)/bM(o’1)~ Hlléjgzﬁ

1 1 o
a=-——~_ b
Ll+o 1+ 68



Widom’s Scaling Hypothesis (1965)

k k
or p— = moreexponents: y, y'

e Taking Additional

k

oG*(T,H .
. af# | = 4 5 4% (A% AH) = Ax: (e H)

T

e Relationto y': H=0, 1 —> (—e)™*

-1)/a _ - 2b-1
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e Relationto y:H =0, 1 5> e =y = 2b—1:7/,
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Widom’s Scaling Hypothesis (1965)

Equation of State Is given by with

(1-b)/a=p and (b/a)= o

oG(T,H)
oH |

=M (T,H) > A°"M (A%, A"H) = AM (¢, H)

o 1> |€|1/a M (6, H) _ |€|(1—b)/a M (ﬁ’ F/aj
€

e

M (e,ﬂH) and h H(e,ﬁ!;\/l)
€ g

e Mm =

m=F(£l,h) or h=f(m)
e Scaling thus predicts 2 universal curves for all T,
one for T >T_,and one for T <T..



Experimental Verification

Fr:. 4. Magnetization ws field for Crlle. In our naotation,
g=M, a'~ef, H'fo'~gr =0, Painte for different e (sl en the
same furve, which verifes the scaling law prediction, Eq. (4.1).

L.P. Kadanoff, et. RMP, 39, 395 (1967).



Landau (—=1937) Order Parameter Concept

- 1t order Phase transitions
are manifestations of a Broken Symmetry
of an
e Order parameter
e fluid density, magnetization
* measures the extent of symmetry
breaking
e Spatial and time dependence implicates
« Correlation (scattering experiments)
and
Dimensionality




The Order Parameters

Tanre I. Partial list of trunsitions with critical paints. In general, the symbaol & denntes the conjugnte to {#).
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Spatial Correlation Function
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Spatial Correlation Function
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Time Correlation Function
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Kadanoff’s heuristic argument for
Scaling hypothesis

Fra. 2. Division of Ising madel lattice into cells, L2 but
Lagdlt,



Kadanoff’s heuristic arguments for
Scaling hypothesis

At or very near critical point, Correlation length, &,

la. very long, and

1b. independent of details

2. Block of size La construction is possible: 1<<l<<£/a

3. With a cell of size La, most spins align in one direction
4. Site: o, and (e, h) and Cell: z, and (¢,h)

5. G(¢,h) = L°G(e, h)

6. Kadanoff: h 2 L*h and ¢ 2 L'e = G(l”¢, L*h) = LG (e, h)
7. Assuming true for all L, G(L'"%¢, L'h) = LG (e, h)
8.a=y/d and b=x/d «< Scaling Hypothesis



summary

e Experimental Data to
— Landau, Widom, Kadanoff, many others

e Order Parameter of Landau

e Scaling hypothesis (homogeneous function)
of Widom

e Block Renormalization of Kadanoff

e Next time:
— Landau’s Mean Field Theory
— Correlation function of Ornstein-Zernike
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