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Abstract

“Common sense” might seem to indicate that if two fair dice are
rolled against each other repeatedly, then over the long term the
result will be predicted by their average rolls. We observe that dice
which satisfy this “common sense” prediction are actually rather rare.

In September of 2003 Peter Winkler (the Director of Fundamental Math-
ematics Research at Bell Labs) came to Lafayette College, where he inau-
gurated the lecture series sponsored by our new math club. His talk was
about several games, and over dinner he talked about more games. One
involved three dice he carried with him. Each of the dice was a cube with
21 “spots” or “pips,” like an ordinary die, but the pips were distributed in
different ways. One had four pips on each of five faces, and a single pip
on the last face; we will denote this one B = (1,4,4,4,4,4). Another was
C=(1,1,1,6,6,6), and a third was D = (3,3,3,3,3,6).

To simplify our discussion we will presume that the faces of dice are
labeled with integers rather than collections of pips. The natural game to
play with two dice is to roll them, and declare the winner to be the die
which lands with a larger number on the top face. One of the two dice is
stronger if it wins more of the possible rolls than the other; if neither is
stronger then the two dice are tied. For instance, the die B is stronger than
the die D because it wins 25 of the 36 possible rolls (each of the five rolls of
4 wins against any of the five rolls of 3). D in turn is stronger than C (with
18 wins and only 15 losses among the 36 possible rolls), and C is stronger
than B (C wins 18 of the 36 possible rolls, and loses only 15).

“Common sense” might suggest that the relative strengths of two dice
are typically determined by their average rolls, and that B, C, D are excep-
tional in that they do not tie each other despite having the same average
roll. It turns out instead that among the 32 six-sided dice whose faces are



labeled with elements of {1,2,3,4,5,6} which have the average 21/6, only
the standard die A = (1,2,3,4,5,6) always ties.

Theorem 1. Let X = (z1,...,x6) with z1,...,x¢ € {1,2,3,4,5,6}.
(a) A and X are tied if and only if > x; = 21.

(b) If X # A and > x; = 21, then there is another die Y = (y1, ..., Ys)
with yi,...,ys € {1,2,3,4,5,6} and Y y; = 21 which is not tied with X.

Proof. (a) If X is rolled and z; comes up, it will lose against any
higher roll of A and win against any lower roll of A. That is, z; will win
x; — 1 rolls and lose 6 — x; rolls. Hence X wins Y (z; — 1) out of the 36
rolls, and loses Y (6 — x;). Consequently A and X are tied if and only if

—6+Z$Z‘ :36—Z$i.

(b) Suppose X has m 1s and n 6s. If m > n then X loses to C =
(1,1,1,6,6,6), because the three 6s on C' win 3(6 — n) of 36 rolls, and the
three 1s on C only lose 3(6 — m). Similarly, if m < n then C loses to X.

Suppose m = n and X has p 2s and ¢ bs. E = (2,2,2,5,5,5) wins
3m + 3(6 — n — q) of the 36 rolls against X, because each 2 wins against
a roll of 1 and each 5 wins against a roll not 6 or 5. Similarly, F loses
3n+3(6—m—p) of the 36 rolls against X. If p # ¢ then E and X are not tied.
If p = g then a similar calculation shows that X and F' = (3,3,3,4,4,4)
are not tied unless X has the same number of 3s as it has 4s.

Suppose now that X has n 1s, n 6s, p 2s, p 5s, r 3s and r 4s. Then
X wins 6n + 6p + 7 + r + p times against B, and B wins 5(n +p + 1)
times against X. Hence if B and X are tied then n + 2p = 3r. Against
G = (1,3,3,3,5,6), X wins 5n +4p +4r +r + p = 5n + 5p + 5r times
and loses 3(n +p)+ (n+p+2r) + (n + 2p + 2r) = 5n + 6p + 4r times.
Hence if G and X are tied then p = r; n + 2p = 3r implies that n = p = 7.
Sa; = Tn+Tp+ Tr = 21, so it follows that n = p = r = 1. That is,
X=A.1

Peter Winkler has suggested generalizing Theorem 1 to other kinds of
dice. Given integers n > 0 and a, b, s let D(n,a,b,s) denote the set of all
lists X = (x1, ..., x,) of integers such that a < x1 < ... < x,, <band Y x; =
s. An element of D(n,a,b, s) is an n-sided generalized die with integer labels
between a and b which sum to s. Let L(n,a,b,s) = {z|3X € D(n,a,b,s)
with z = z; for some i}. Note that L(n, a,b, s) might not include all of the
integers from a to b; indeed L(n,a,b, s) might be empty. If L(n,a,b,s) # 0



then let p(n,a,b,s) = min L(n,a,b,s) and ¢(n,a,b,s) = max L(n,a,b, s);
we use p and ¢ unless there is danger of confusion. Clearly L(n,a,b,s) =
{z € Zlp <2z < q} and D(n,a,b,s) = D(n,p,q,s).

We are interested in the elements of D(n,a,b,s) which are balanced in
the sense that they tie all other elements of D(n,a,b,s).

For each X = (z1,...,z,) € D(n,a,b,s) let fx : L(n,a,b,s) — Z give
the win-loss difference of a roll of z against the die X; that is,
Ix (@) = Wilzi < z}| = [ilzs > 2}

This function may be used to determine the relative strengths of X and
other dice: if Y = (y1,...,4n) € D(n,a,b,s) then > fx(y;) is positive,
negative or 0 according to whether X is weaker than Y, stronger than Y,
or tied with Y.

Theorem 2. (a) All the elements of D(2,a,b,s) are balanced.

(b) If n > 3 then a given X € D(n,a,b,s) is balanced if and only if
there is a cx € 7 with

fx(@) = fx(p) =cx - (z—p)
for every x € L(n,a,b,s).
Proof. (a) Two distinct 2-sided dice with the same sum must be (z1, )

and (y1,y2) with 21 < y1 < y2 < 2, so each die wins two of the four possible
rolls.

(b) If ¢ — p < 1 then |D(n,a,b,s)| = 1 and the equivalent conditions
stated in (b) are both trivially true.

Suppose g — p > 2. If there is a cx as in the statement of (b) then for
a'ny Y = (yl, te y'n/) e D(n7 a7 b7 3)7

> Ix(w) = nfx(p)—npex +ex Yy
i=1 1=1
= nfx(p) —npex +sex

n
= nfx() - mpex +ex 3o

=1
= > fx(w),
i=1



which is 0 because X must be tied with itself. Hence X and Y are tied.

Suppose conversely that X is tied with every Y € D(n,a,b, s). Observe
that if the labels v > p and w < ¢ both appear in Y then there is a
Z € D(n,a,b,s) with the same labels as Y (including multiplicities) except
for the replacement of one v by v — 1 and the replacement of one w by
w+ 1. Then Y fx(yi) =0 =" fx(z) implies that fx(v) — fx(v—1) =
Ix(w+1) — fx(w).

There is a unique k with 1 <k <n—1and (k+1)p+(n—k—-1)g < s <
kp+ (n — k)q. Hence there is a YO = (39, ...,99) € D(n,a,b,s) with y{ = p
for 7 < k and y? = g for i > k+2; moreover if kK = n—1 then yg =gq. In any
case, p and ¢ both appear as labels in Y°. We obtain elements Y'!, ..., Y97P
of D(n,a,b,s) by replacing single appearances of p+4 and ¢ — i in Y with
appearances of p+i41 and g—i—1 in Y*T!; note that because n > 3 there
is at least one label which appears in every one of Y, ..., Y97P. Applying
the observation of the preceding paragraph to v = ¢ —4 and w = p+1 in
Y?, we conclude that fx(q—14) — fx(¢—i—1) = fx(p+i+1)— fx(p+i)
for each i. Considering that Y°, ..., Y97P all share a label, the observation
of the preceding paragraph also implies that these differences are all equal,
i.e., that fx(x) — fx(z — 1) is the same for all z € {p + 1,...,q}. This
common value is cx. W

If n > 3 and |L(n,a,b, s)| > 3 then the condition that there be a cx € Z
with fx(z)— fx(p) = cx - (z—p) is easily described using the characteristic
vector (vp,...,vq) of X = (x1,...,x,), where v; = |{i|z; = j}|. If X satisfies
the condition then cx = fx(j+1) — fx(j) = vj +v;+1 for every j € {p, ...,
g — 1}, so the characteristic vector must be of the form (v, w, v, w,...). For
instance, the balanced elements of D(6, 1,6, s) include (1,1, 3,3,5,5) with
v=2and w=0,(2,2,4,4,6,6) with v =0 and w = 2, and (1,2,3,4,5,6)
withv=w = 1.

A consequence is that balanced dice obey “common sense” not only by
tying dice with the same average roll, but also by winning (resp. losing)
against dice with lower (resp. higher) average rolls.

Corollary 3. Suppose n > 3 and X € D(n,a,b, s) is balanced. Then X
is weaker than every Y € D(n,p(n,a,b,s),q(n,a,b,s),s’) with 8 > s, and
X is stronger than every Y € D(n,p(n,a,b,s),q(n,a,b,s),s’) with s’ < s.

Proof. If Y = (y1,...,yn) € D(n,p(n,a,b,s),q(n,a,b,s),s’) then X is
weaker or stronger than Y according to whether > fx(y;) is positive or



negative. X must tie itself, so > fx(x;) = 0. Theorem 2 implies that

ZfX(yi) = fo(yi)—fo(xi)

= D Uxe)+ex - (wi—p) =3 (x(p)+ox - (@i —p)

i=1 =1

- ZCX (yi— @) =cx - (s —9),
i=1

so X is weaker or stronger than Y according to whether s’ — s is positive
or negative. l

The next corollary generalizes part (b) of Theorem 1.

Corollary 4. If g(n,a,b,s) — p(n,a,b,s) > 3 is odd and n > 3 then
there is at most one balanced X € D(n,a,b,s).

Proof. Suppose X, X’ € D(n,a,b,s) are both tied with all the el-
ements of D(n,a,b,s); let their characteristic vectors be (v,w,v,w,...)
and (v, w’,v',w',...) respectively. Let ny = |[{i > 0|p+ 2i < ¢}| and ny =
{i > 0lp+ 1+ 2i < ¢}|. Then vni+wng =n =v'ny+wng, so (v—v")ny =
(w" — w)ng. If v =o' then it follows that w = w’, and hence X = X’.

Suppose v # v’. The label-sums of X and X’ are both s, so

nlfl Tlgfl

s = vZ(p+2i)+w Z(p+1—|—2i)

=0 =0

’I’Llfl n271

= > (p+2i)+w > (p+1+2i).

i=0 i=0
These equalities imply

(v—2")(p+n—1)ny = (W —w)(p+ na)na.
Then (v —v')n; = (w' — w)ny implies

(v—=2")p+n —1)ng = (v—2")(p+na)n,

and hence n; — 1 = ny by cancellation. This contradicts the hypothesis
that g —p=mn1 +no—1isodd. B



If n,a,b are as in Corollary 4 then there may be several different s-
values for which D(n,a,b,s) has a balanced element. For instance each
of D(6,1,6,18), D(6,1,6,21), D(6,1,6,24) has a balanced element, as ob-
served above.

If ¢(n, a, b, s) —p(n,a,b, s) > 3 is even and n > 3 then the situation is re-
versed: there is only one s-value for which D(n, a, b, s) may have a balanced
element, and such an element need not be unique. If D(n, a,b, s) has a bal-
anced element then this element’s characteristic vector is (v, w,v,w, ..., v,
w,v) with ny entries equal to v and ny = ny — 1 entries equal to w. The
labels other than the “middle” label ’%q may be paired so that the sum of
each pair is p + ¢; then if ny is odd

s = <n12_1> (p+Q)+v<pJ2rq>+(22) w(p + q)

= (T) (n1v 4+ now) = (p;—q) n,

and if nq is even

1\3‘3
SN—

= (%) vw+a) +w(p;q>+<”221)w(p+q)
q) n1v+n2w)<p;rq>n

D(n,a,b,(E5%)n) may have several different balanced elements; for in-
stance each of (2,2,2,2,2,2,4,4,4,4.4.4), (1,1,2,2,2,3,3,4, 4,4,5,5) and
(1,1,1,1,3,3,3,3,5,5,5,5) is tied with all the elements of D(12, 1,5, 36).

"B
l\-’>+

The special case most directly suggested by familiar 6-sided dice occurs
when ¢ =1 and b = n.

Corollary 5. If n > 2 is even then D(n,1,n,s) has a balanced element
if and only if s € {n,n +1,% ,”("2“), "("TH),TF — 1,n%}, and such an
element is unique. If n > 3 is odd then D(n,1,n,s) has a balanced element
if and only if s € {n,n + 1, "("H)

unique unless n = 3.

,n? —1,n%}, and such an element is
Proof. If 1 < |L(n,1,n,s)] < 2 then s € {n,n + 1,n® — 1,72} and
|D(n,1,n,s)| = 1. The single element of D(n,1,n, s) is balanced, of course.

Suppose |L(n,1,n,s)] > 2; then n > 2. If n+1 < s < 2n then
(1,1,...,1,s — n + 1) is weaker than every other element of D(n,1,n,s),



so there is no balanced element. If n? —n < s < n? — 1 then (s — n? + n,
n,m,...,n) is stronger than every other element of D(n,1,n,s), so there is
no balanced element.

Suppose 2n < s < n? —n; then p = 1 and ¢ = n. If n is even then
a balanced element of D(n, 1,n,s) has characteristic vector (v,w, ..., v, w),
with v (%) +w (%) = n. The only possibilities are v =w =1 and v # w €

{0,2}, corresponding to s € {%2, n(n;l), "(”2+2)}. If n is odd, on the other
hand, the discussion preceding this corollary implies that 2s = (p + ¢)n =
n(n+1). The characteristic vector of a balanced element is (v, w, v, ..., w, v)
with n = v (”T“) + w ("T’l) This is impossible if v > 1. If v = 1 then
wn—1)=2n—(n+1) =n—1and hence v = w = 1. If v = 0 then
2n = w(n—1) and hence w = 2% =24 —2- 50 -2 € Z; necessarily then

n—1
n:3andw:2+%:3.l

Dice may be thought of as candidates in a multi-candidate election.
Each voter gives each candidate a number of points from a to b; for instance
a voter who likes all the candidates may give every candidate b points, and
a voter who likes none of them may give every candidate a points. The
die (2,2,3,3,4,5) represents a candidate who has attracted the following
support: one of the six voters gives the candidate 5 points, one of the six
voters gives the candidate 4 points, two of the six voters give the candidate
3 points apiece, and two of the six voters give the candidate 2 points apiece.
With this interpretation, the results above indicate that almost all possible
candidates in this kind of election are involved in “paradoxical” election
results, winning and losing one-on-one contests against candidates with the
same average level of voter support. Such electoral “paradoxes” have been
carefully studied in recent years; see [1] for an engaging and accessible
introduction.
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