Here is a detailed proof of Proposition 7.2 from Parametrized Tutte polyno-
mials of graphs and matroids.

To verify that the identities of the generalized Zaslavsky-Bollobds-Riordan
theorem for matroids hold in M” we must verify that if {eg,e;} is a digon in
M then T(0) - (Xegye, + Yepae,) = T(0) - (Xe,yey + Ye,xer), if {eo, €1, €2} is a
triangle or triad in M" then T'(0) - Ze,we, (Yey —Yer) = T(0) - Zey ey (Ye, — ey ),
where Z., is X, or Yg,, and if {eg,e1,ea} is a triangle or triad in M"” then
T(Q) 2 ef Tey (Ye yez) - T(w) 2, e Tes (Y ye1) where Ze el is Xe[’)' or Y()’

By hypothcsm (i) the third of these identities follows immediately from the
fact that Z.; is a sum of a multiple of X,, and a multiple of Y.

The second identity is

TW) - Zeyte, Yey — verr)
= T(0) Zeyte, YeeXeoYeo + Teo Yoy — Xeo Y — Yoo eg)T(Ma/eq) — T(0) - Zegte, (Ye, — Yeo )2, T(Ma — €o)
= T(0) Zeyte, Yoo Xeo(Yeo — Yeo) + Teo (Y2 = y2 )T (Mz/eq) = T(D) - Zeyiey (Yo, — Yei )y2, T(Mz — e)
T(0) - Zeye, (Yoo = Yeo ) (—Yeo Xeo + Teo (Yoo + Yeo))T(Mz/€0) +T(D) - Zey ey (Ye, — ye, )y, T(Ma — eq)
= T(0) ZesTeo(Ye, = Yeu )(—YeoXey + Teg (Yeo + Ye))T(Ma/€0) + T(0) - Zeytey(Ye, — ye, )y, T(Ma — eo)
T(0) - Zeywey (Yo, = Yey)-

Here T(@) ) Zezxel (yeo - YV@O) = T(@) ’ Zezxeo (y€1 - Yel) and T((Z)) ’ ZEQxel (YEO
Yeo) = T(0) - Zeyxey(Ye, — ye,) are simply the corresponding triangle or triad
identity in M.

The digon identity is much harder to verify. Observe that

T((D) : (Xef)'yel + Yef{xm)

((Z)) : (}/601'61 + xeoyel)(Xeoyeo + 3360}/60 - XGOYSO)T(M2/60)

(@) *YeoYes (Xfioyeo + meoYfio - XSOYEO)T(MQ - 60)

=T(0) - XegYeoTe, (Yoo — Yeo) T (Ma/eg) +T(0) - Yoo, Ty Yeo, T(Ma/eo)
+ T((b) “LeoYer (Xeoyeo + xeo}/eo - XEOYGO)T(MQ/eO)

+ T(@) *Yeo (Xeoyeoyel + Yeoyel (xen - XGO))T(MQ - eO)'

By hypothesis (ii) and Proposition 2.4 (Proposition 2.1 in the published
article), T(Ms — eg) and T(Ms/eg) are sums of multiples of T(()) - X., and
T(Q) - Ye, for some ey € Sy — {ep} which is triangular and triadic with ey and
e1 in M. This implies that @, (Yoo — Yeo )T (Ma/€0) = Teo(Ye, — Ye, )T (Ma2/ep)
and Yey (:L'eg - Xeo)T(MQ - 60) = Yeo (xel - Xel )T(M2 - 60)7 SO

T
=T

(Z)) ( e Yer + Yellxel)
@ Xe(JYGU‘reo (yel - }/61)T(M2/60) + T((D) ! YeoxelerYeoT(Mg/eo)
T(0) - TegYe, (XegYeo + TegYeo — XegYeo )T (Ma/eo)

(
(@) -
(
T((Z)) yeo( eoYeoYer T Y:ioyeo (xel - Xel))T(MQ - 60)
) -
(

I
N+ +

(@ ( XGO xeoyel + Yeozelxeo Yeo T ZTegYey (Xeoyeo + ‘TGOYGO))T(MQ/EO)
+T (Z)) Yeq (yCO (X€0y61 + Y€0$€1) - }/eoyeoxm )T(M2 - 60).



The triad, triangle and digon identities in M imply (Ze,Ye, +Ze, Ye, )T (Ma/eo) =
(3361 y€0+Y;1$€0)T(M2/60)7 (Xeoyel +Y€0x61)T(M2/€0) = (X€1y€0+}/;1x60)T(M2/60)
and (XeoYey + Yeo ey )T (Ma — €0) = (XeyYeo + Yey Teo )T (Ma — €g). Hence

T(0) - (XepYe, + Yeye,)

= T(0) (—XeoYeoTeyYe, + Tegle, Xegleo + Te Yeo (Tey Yeo + Yo, ey )T (Ma/eo)
FT(0) - Yeo Yeo (XeyYeo + Yo, Tey) — YeoYeo Xey )T (Ma — €g)

= T0) (—XeyYeyTegYe, + TegYeo (Ye XEU + Yo Zey) + Tey Yoo Yoy Tey ) T(Ma/eg)
AT (D) - Yeo (Yeo Yer Teo + Yeo Xey (Yoo — Yeo))T(Ma — €o)

= T0)  (—XeYeoteyYe, +megyeo(Xelyeo + Yo, Tey) + Tey Yoo Ye, ey )T (Mz/e0)
+T(0) - Yeo (Yeo Yer Teg + Yeo Xey (Yoo — Yeo ))T (M2 — €)

)

= T((Z) ($e"Ye1 + ye”Xel)

This verifies the identities of the generalized Z-B-R theorem in M”.

It remains to prove T"(M]") = (XegYeo + Teg Yeo — Xeo Yeo )T (D) T(M).

Suppose |S1| = 2, and S; = {eg,e1}. Then ey and e; are parallel (and in
series) in M; and M7, and hence

TH(M{/) = €1Y6' + y€1X€6’)T(®)
eoyeo + meOYeo - eo Ye

(x

(X XeoYey)
= (Xeo¥eo +TeoYey — XegYey)

(X, XeoYe,)

(X, XeoYeq)

(e, Yoo, T (M2 /e0) + ye, T(M2))T'(0)

((we, Yf’o + Yer Teo ) T (Ma/€0) + Ye,Yeo T (M2 — €0))T'(0)
((

(

0

= coYeo T TegYeq — XegYe
coVeo + Teo Yeo — XeoYeo ) ey Teo T (M — €1)/€0) + YerYeo I (M — €1 — €0))T (D)

+(XegYey + TeoYeo — XegYeo ) (Tey Ye, T((M — €1)/e0))T(0)

= (XegYeo + TegYey — XeoYeo e, T(M — e1)T(0)

+(XegYeo + Teo Yeo — Xeg Yeo ) (Tey Yeo T((M/e1) — €0))T(0)

= (XegYep + TegYey — XegYeo) (e, T(M — e1) + we, T(M/e1))T(0)

(XegYeo + TegYeo — Xeg Yeo )T (M)T(().

0

Suppose now that |Sy]| > 2. If there is an e; € S which is neither parallel
to nor in series with ey then Proposition 7.2 may be assumed to hold for both
M/ey and M — ey, and its validity for M follows using the deletion-contraction
formula.

If there is an e; € S7 which is parallel to ey then we may assume inductively
that Proposition 7.2 holds for M — eq, i.e., T"(M] —e1) = (XegYep + Teg Yeo —
XeoYeo )T (M — e1)T(0). On the other hand,

T"(My'/ex)
= Y T"((M{/e1) — eo)
Yveo (Xeoyeo + xeoyeo - Xeo}/eo)T(MQ/eO)T((Ml/el) - 60)
Yeo (X60y60 + x@oyeo - XeoY:So)T(MQ/eO)T((Ml/el) - 60)

= (XegWep + TegYeu — XegYeo )T (Ma/eq)Ye, T((My/e1) — €o)-

x€1}/€0 + yelxeo)T((M - 61)/60) + y€1y€oT(M — €1 60))T(®)



As M is the parallel connection of My and My, M/ey is the direct sum of
Ms/eg and M /eq. As ey is parallel to eg, Mj/eq is the direct sum of a loop
e1 and (M;/eg) — e1. Moreover, M/e; is isomorphic to M/eg, so M/ey is the
direct sum of Ms/eq, a loop ey, and (M;/eg) —e; = (My/e1) — eg. It follows
that T(M/e))T(0) = T(Ma/eo)Ye,T((M1/e1) — eg) and hence T"(My'/e1) =
(XegYeo +TegYey — Xeo Yeo )T (M/e1)T (D). The validity of Proposition 7.2 for M
follows, using the deletion-contraction formula.

Finally, suppose eg is in series with every e; € Si, i.e., M; is a circuit.
Choose a particular e; # eg € S1. We may assume inductively that Proposition
7.2 holds for M/ey;. M — ey is the direct sum of My and M; — e; — eg, S0
T(M —e))T(0) = T(My — ey — eg)T(Msy). M{ — ey is the direct sum of {eg}
and M{ —ey —eg =My —e; —eg, so T"(M{ —ey) =T"(My — e — e0) Xey =
T(M; —e1 —€0)(XegYeo T Teg Yeo — Xeg Yeo )T (M), and we see that Proposition
7.2 holds for M — e;. The validity of Proposition 7.2 for M follows from the
deletion-contraction formula.



