Section 7.4

Advanced Integration Techniques: Partial Fractions

The method of partial fractions can occasionally make it possible to find the integral of a
quotient of rational functions. Partial fractions gives us a way to break a fraction into smaller

components so that integration is possible. As a simple example, we might rewrite the fraction
Tx—>5
(z+1)(z—-2)

as
Tx—25 4 3
CrD@—2) o+l z-2

To truly understand partial fraction decomposition, we must remember the algorithm for adding
a pair of fractions with different denominators:

In order to add x% + %, the fractions must have a common denominator. The product of
the two current denominators will work, (z + 1)(x — 2). To rewrite each fraction with the same
denominator, we multiply each by a special form of 1 so that we do not change the fractions, simply

make them look different:

4 4 z-2  4p-38
z+1 24+1 -2 (z+1)(z—2)

and

3 _ 3 x+1_ 3x+3

-2 z2-2 z4+1 (z4+1)(z—2)

Now that the fractions have the same denominator, we can add them together:

4 3 4o — 8 3r+3
33+1+x—2_(:c+1)(1‘—2) (z+1)(z —2)
_4rx—8+3x+3
(x4 1)(z—-2)

Tz —=5
22—z -2

When we use partial fractions to decompose a fraction into its components, we will need to
reverse the process of adding the component fractions. If we now wished to decompose x;f;fz
into its component fractions, we would need to recognize that —2=5_ = =5 __ wag obtained
z2—z—2 (z+1)(z—2)

by adding fractions of the form x%;l and %. We know that

A B Axz-2) B(z +1)
s+l w-2 (w+1)(x—2)+(x+l)(x—2)
Az —2A Bz + B

Tt )@-2 @i -2
Ar —2A+ Bx+ B
22—z -2
Tx—5
x2—x—2

The numerators above must be equal, so Az —2A+ Bx+ B =T7x —5. A and B are at present
unknown, but we can use the given equation to determine their values. Terms with different powers
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of x do not affect each other, so we know that Ax + Bx = 7x and —2A + B = —5. We now have a
system of equations that needs to be solved:

A+B=7 (the z’s appear in each term and can be eliminated)
—2A+ B = —5.

When solving a system of equations, we can always:
1. Multiply a row by a constant, and
2. Add a multiple of one row to another

in order to solve for the variables. In this case, let’s eliminate the A and solve for B:

2A+2B =14 (by multiplying the original first row by 2)
+—2A+4+B=-5
3B=9
= B =3.

Now that we know that B = 3, it is easy to see that A = 4. Thus we have recovered the constants
and can rewrite the fraction:

w-5 _ 4 3
2—x—-2 x4+1 x-2

When we decompose with partial fractions, we will always start by factoring the denominator as
far as possible, into products of linear factors (those of the form (x — a)) and irreducible quadratic
factors (those of the form (ax? + bx + ¢) which can not be factored into linear factors). We will
need to handle certain cases differently, depending on the types of factors that show up in the
denominator. The cases are summarized below:

1. If the linear factor (x — a) appears n times, (that is (z — a)™ appears in the factorization of
the denominator) then the expanded fraction must contain the corresponding terms
A A A
I
(r—a) (r—-a) (z —a)

2. If the irreducible quadratic factor (az? + bx + ¢) appears n times, (that is (az? 4 bx + )"
appears in the factorization of the denominator) then the expanded fraction must contain the
corresponding terms

Biz+C4 Box + (9 n B,z + C,
(az?+bx+c) (ax?+br+c)? ~  (ax?+br+c)"
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Partial Fraction Decomposition
In order to decompose a fraction, we will need to follow these steps:

1. Reduce the highest power of z in the numerator so that it is less than the highest power of
2 in the denominator by performing long division, if necessary.

2. Factor the denominator as far as possible into products of linear factors and irreducible
quadratic factors.

3. Use the process in the previous section to determine the form of the expanded fraction.
4. Add the component fractions.

5. Solve for the unknown values of the numerators using a system of equations.

Examples

2
5x — 20
Evaluate / %dw.

The easiest way to evaluate the integral will probably be to break up the fraction into its
components using partial fractions. The highest power of x in the numerator is already less than
the highest power of z in the denominator, so we do not need to worry with division. Let’s factor
the denominator as far as possible:

23 — 42? = 2% (x — 4)

=z -x(x—4).

The linear factor x (= (x—0)) appears twice, so the corresponding fractions in the decomposition
are

A A
=+
x x
Since the linear factor (z — 4) appears once, the decomposition will have the corresponding factor
As
(x—4)

Now we know the form of the decomposition:
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l‘2+5l‘—20_141 A2 A3
=422 oz 22 (z—4)
Ay z(z—4) | Ay (z—4) Az a2
T v R Rl vy R ey e

N A1x2 — 4A1$ Agx — 4A2 A31I2

x3 — 422 x3 — 4a2 x3 — 4a2
B Ax? — 4A 1z + Agx — 4 Ay + Aga?
N x3 — 422
. All'Q + A3:E2 —4A1x + Ao — 4A9
N x3 — 422 '

The numerators of the two fractions must be equal, so we see that 22+ 5z —20 = A 22+ Azx? —
4A1x + Asx — 4A5, in particular

Al +A3=1 (equating terms involving z?)
—4A1+ Ay =5 (equating terms involving x)
—4A, = -20 (equating terms involving zV)

We see from the last equation in the system that As = 5; we may use this to find A; in the
second equation; —4A4; + 5 =5 so that A; = 0. Thus we can determine the value for A3 using the
first equation, 0 + A3 = 1 so that A3 = 1.

Thus the decomposition of the original fraction is

2> +55—-20 0 5 1
3 —422 oz 2?2 (z—4)
_5+ 1
22 (z—4)
So
22 + 5z — 20 5 1
———dr = | - +——d
/ 23— g2 /1:2+(x4) v
5
=——+In(z—4)+C.
x
42% + 3z + 2
Decompose wdm

R
Once again, we won’t need to divide since the highest power of x in the numerator is 2 and the
highest power of x in the denominator is 3. Let’s factor the denominator:

B4t =a@®+z+1).
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We can see that the quadratic factor (22 4+ z + 1) is irreducible (it can not be decomposed into
linear factors) by using the quadratic equation:

fb:I:\/b274ac_ 1++/1—-4

2a a 2

returns complex roots because of /—3.
Thus the form of the fraction we are after is

A Bz +C
Pl a——
x zc+x+1

Next we need to add the fractions:

A Bxr+C A 224+ x+1 Bx+C =z
z 2’ 4z+1 oz 224z+1 224z+1 z
_AJ:2+A$+A Bz? + Cx
B+l 4tz
7Aa:2+A:c+A+B:1:2+C:1:
B w3+l
_A$2+B$2+ASU+CI+A
- 424
_4x2+3x+2
= T ilte

Since we must have Az? 4+ Ba? + Az + Cx + A = 422 + 3z + 2, we can see that

A+B =4 (by equating the 2?2 terms)
A+C=3 (by equating the z! terms)
A=2 (since A is the only term appearing without the variable x)

Now it is easy to see that C' =1 and B = 2, so the expanded form of the fraction is

402 +3x+2 2 2x + 1

w42+ o a2+ax+1

Thus
/4x2+3x+2 /2 2z +1
————dx = + —5———dx
4+t r 22+z+1
20 +1
—dx
/ +/£L'2+.1‘—|—1
=2In|z| +Injz® +z + 1|+ C using the substitution u = 2% + z + 1.

Long Division



Section 7.4
As a brief reminder of how to divide polynomials, let’s look at the example

2t 4223 — 22— 1
2 -1

We set it up as ,
x2—1) 224 + 223 — 22 -1

leaving a blank space since there is no x! in the original numerator.
The z? in the divisor can be multiplied by 222 to match the 2z% in the dividend, so we will
multiply 222 by each portion of the divisor and subtract from the dividend:

222

372—1) 20t + 223 — 2? -1
— 274 + 222
223 + 22

Now we simply repeat the process until the power of x in the dividend is less than the power
of z in the divisor. The 2? in the divisor can be multiplied by 2z to yield the 223 in the divisor, so
again we multiply each portion of the divisor by 2z and subtract from the dividend:

222 4 2z
:U2—1) 2zt + 223 — 22 -1
— 224 + 222
203 + 22
— 223 + 2x
2 4+2x—1

We repeat the process once more so that the power of x in the dividend becomes less than the
power of z in the divisor:

222 + 2241
xQ—l) 2zt + 223 — 22 —1
— 224 + 222
223 + 22
— 223 + 2x
2?2 +2x—1
— 2 +1
2x
So
208 + ifg__1$2 —1_ 202 +2x + 1+ $22f T

We can divide 23 — 5z by %xQ — 3z as follows:
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2x¢ 4+ 12
%xz — 330) a3 —dx
— 2% + 622
62> — bz
— 622 4 362
3lx

so that



