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1. Introduction. Separable extensions of noncommutative rings were
introduced in 1966 by K. Hirata and K. Sugano [4]. In [I] Hirata isolated
a special class of separable extensions, now known as H-separable extensions.
These have been studied extensively in a series of papers over the last
fifteen years, notably by Hirata and Sugano, themselves.

A ring A is an H-separable extension of a subring R if AQzrA is
isomorphic as A, A-bimodule to a direct summand of A", for some positive
integer n. An H-separable extension is separable; i.e. the multiplication
map AR rA— A splits. In the case of algebras over commutative rings, H-
separable extensions are closely related to Azumaya algebras. In this case,
A is an H-separable extension of R if A is an Azumaya algebra over a (com-
mutative) epimorphic extension of R.

If A is a ring with subring R we denote by C the center of A and
4= AZE, the centralizer of R in A. Then A is an H-separable extension of
R if and only if 4 is finitely generated and projective as C-module, and the
map ¢ : ARrA—Hom¢ (4, A) defined by ¢(aX)d) (d)=adb, for a, b A, d=4,
is an isomorphism. There are similarly defined maps 4X)¢A—Hom (A4, rA),
AR¢d—Hom (Ag, Ag), and 4R ¢d—Hom (zAg, rAg), all of which are isomor-
phisms when A is H-separable over R. (See [12].).

In Sections 3 and 4 of this paper we generalize H-separability in two
directions. We call A a strongly separable extension of R if ARQrA=KPL,
where Hom, 4 (K, A)=(0) and L is a direct summand of A", for some posi-
tive integer n. H-separability is the case where K=(0). Strong separability
is equivalent to separability for algebras over a commutative ring, but not
in general. We show that A is strongly separable over R if and only if 4,
is finitely generated and projective and the map ¢ defined above is a split
epimorphism. The three maps above which are isomorphisms in the H-
separable case are split monomorphisms when strong separability is assumed.

If ¢ is an automorphism of A, denote by A, the A, A-bimodule which
as left A-module is just A but whose right A-module structure is “twisted”
by . Then A is a psuedo-Galois extension of R if there is a finite set S
of R-automorphisms of A such that AXK)zA is a direct summand of )} PA,",
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some positive integer n. H-separability is the case S={1}. When A is a
Galois extension of R, it is pseudo-Galois, and this is the motivation for the
name. '

- Assume A is a pseudo-Galois extensjon of R and that for all ¢, ze Auty (A)
any nonzero A, A-bimodule map from A, to A, is an isomorphism. Then
there is a positive integer n and a finite subset .S of Autz(A) containing
exactly one element from each coset of the subgroup I of inner automorphisms
such that A@RA%’;? @® Hom¢ (4, A,), and Hom¢ (4, A,) is isomorphic to a

direct summand of A,”, each ¢=S. Under these assumptions, A is strongly
separable over R. : ' ’

In Section 2 we show that if A is an H-separable extension of R which
is generated over R by the centralizer 4 of R, and if R contains the center
C of A, then 4 is an Azumaya algebra over C and A=4XR. This con-
clusion has been obtained for H-separable extensions under other hypotheses
by Hirata [2]. '

2. Assume A is a separable extension of R and let M be a left or
right A-module. Sugano has shown that if M is projective (injective)
as R-module then it is also projective (injective) as A-module. An immediate
consequence of this is that a separable extension of a semisimple artinian
ring is also semisimple artinian. Sugano has shown further that if A is flat
as left or right R-module, then A is quasi-Frobenius if R is. A related
result is the following.

ProprosITION 2.1. Let A be a separable extension of R such that A is
flat as left (resp. right) R-module. Then A is left (resp. right) perfect if
R is. '

ProoF. Recall that a ring is left perfect if every flat left module is
projective. Assume R is left perfect and M is a flat left A-module. We
show that M is flat. Let (0)>N—N’ be an exact sequence of right R-
modules. Then (0)>NXzA—NXzrA is exact because rA is flat. Thus
(0)>NXr AR M—N' QRrAX M is exact, by the flatness of ;M. So (0)—
NRrM—N' K rM is exact, and M is flat. Then rM is projective because
R is perfect, and 4M is projective by the result mentioned above. Therefore
A is left perfect.

If 4 is an Azumaya algebra over its center C and R is a central C-
algebra, then it is easy to see that A=4X).R is an H-separable extension
of R. Furthermore, the centralizer of Rin A is 4. The following Theorem
is a converse to this observation.

THEOREM 2.2. Let A be an H-separable extension of a subring R such
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that A is generated over R by its centralizer 4 in A. Assume that the

center C of A is contained in R. Then 4 is an Azumaya algebra over C,
and A=A4X)cR.

Proor. First, define ¢: 4R A—ARrA by ¢(dXa)=dRac ARA.
This map is well-defined because CCR.

Since A=4R, each element of AXzA can be written in the form
1£Z}ci,-@bi, with d;E4, b,e A.

Define ¢: AQrA—4RcA by ¢(2diXb:)=2.dXb,EARcA. We need
to show that ¢ is well-defined. Assume Zdi®bi:0 in ARrA. Since A

is H-separable over R, AXrA=Hom, (4, A) under the map aX)b—>[d—>adb],
and 4XQ¢A=Hom (zrA, zA) under the map dXb—>[x—~>dxb]. From Zdi®b-
=0 in ARrA we have Zd db;=0, for all d=4. Let x€ A, and erte =
ere,, r,ER, e;e4. Then Zdixbi——Zdir,ejbi—erZdejbi-—O Thus
Zdi®bi determines the zero element of Horn (R4, RA) and so 2.d;Xb;=0
in AQ¢A. It follows that ¢ is a well-defined map. Clearly, ¢ and ¢ are
inverse 1somorphisms, AR rA=4RK)A.

Since A is H-separable over R, 4, is finitely generated and projective,
hence flat. Thus, .

(0)—>R— A exact yields (0)—»4Q)¢R—4QcA= AR rA exact. So the natu-
ral map 4X;R— ARrA is injective. The multiplication map f: 4XR— A,
d®r+—>dr, is surjective by hypothesis. We show f is also injective. Assume
Sd;r;=0, d;€4, r,€R. Then under the injective map AQ:R—AXRzA,
i
N dQr—> 2, dir®1=0. Hence, },d;Xr;=0 in 4Qc¢R, and f is injective.
i i i
This proves A=A4X)R.

From A=4K)R it follows easily that C is the center of 4. Also, C
is a direct summand of 4. (see, for example, Hirata [1], p. 112), which implies
that xRz is a direct summand of fAX)R)r=rAx.

So we can apply Prop. 4.7 of to conclude that 4 is an Azumaya
algebra over C.

3. Strongly separable extensions. Many results which hold for H-

separable extensions can be extended in weakened form to a much larger
class of separable extnsions, which we call strongly separable.

DerFINITION 3.1. A is said to be strongly separable over R provided 4
is finitely generated and projective as C-module, and the map ¢: ARrA—
Hom (4, A) is surjective and splits.

An H-separable extension is strongly separable, and we show now that
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a strongly separable extension is separable. We will also see that for an
algebra over a commutative ring, strong separability and separability are
equivalent. We will present an example to show that thxs equivalence does
not hold in general.

ProrosiTION 3. 2. If A is strongly separable over R than A is separable
over R.

Proor. Since 4y is finitely generated and projective, C is a direct
summand of 4, (see, for example, Hirata [I], p. 112). Thus the map ¢:
Hom (4, A)— A, f—f(1), splits as A, A-bimodule map. Let ¢/ be the splitt-
ing map. Also, let ¢ be the splitting map for ¢. We have the commutative
diagram

A®RA Homc (A A)

and it is seen that the map p is split by ¢'o¢/. Hence A is separable over R.

Prorosition 3.3. If A is a separable algebra over a commutative ring
R then A is strongly separable over R.

Proor. We have RCCC A ; hence 4=A. Since A is separable over
R it is an Azumaya algebra over C. Hence A, is faithfully projective and
finitely generated, and AX)¢A is isomorphic to Hom.(A, A)=Hom, (4, A).
Also, C is separable over R; so the sequence CR)zC—C—(0) is split exact.
Tensoring on the left and right with A over C, we obtain the split exact
sequence AXrA—AXA—(0). The diagram

A®RA——“—) A®CA
N v
Hom( (A, A)
is commutative. So the sequence AXzA—Hom¢ (A, A) spllts, and A is

strongly separable over R. This completes the proof.
The following lemma is well-known and is stated here without proof.

LEMMA 3.4. Let S and T be rings; let U be a right S-module, V
an S, T-bimodule, and W a left T-module. There are canonical maps:

UsHomy (V, W)——Hom, (Homs (U, V), W), u®f~[g~9()f],
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and
Homg(V, U)@TW———)HomS (HomT(W', V), U> , f®wk—>[gr—>f(wg)] .

If Us is finitely generated and projective, the first map is an isomorphism ;
if tW is finitely generated and projective, the second map is an isomorphism.

A is H-separable over R if and only if AXzA is a bimodule direct
summand of A" for some positive integer n. The following result gives an
analogous characterization of strong separability.

THEOREM 3.5. Let R be a subring of a ring A. Then the following
conditions are equivalent :

(1) A is strongly separable over R.

(2) There exist d;=4, §ai1®bijE(A®RA)A, 1<i<n, such that d=

Zdiaijdbij fOT any ded.
i,

(3) AQRQrA=KPM, where Hom, (K, A)=(0) and M is isomorphic
to an A, A-direct summand of A

Proor. ((1)=>(3)) Assume A is strongly separable over R. Then there
is a split exact sequence C"—4—(0) of C-modules, because 4, is finitely
generated and projective. This yields a split exact sequence (0)—Hom¢ (4, A)
—Homg (C", A)= A" of A, A-bimodules. Let K=ker(¢). Since

(0)— K— AQpA—2>Homy (4, A)—(0)

splits, K is a direct summand of AR)zA such that ARzA/K=Hom(4, A).
We need to show that Hom, 4 (K, A)=(0).
We apply Lemma 3.4 with S=C, T=AK¢A, U=4, V=A, W=A,

noting that 4; is finitely generated and projective as required. Then
A@CHom,@CA (A, A) = H0m4®a4 <H0mg (A, A), A) .

But ARQcHom g4 (A, A)=4RKcC=4. By hypothesis, AQrzA=Hom (4, AP
K. Thus we have the following sequence of isomorphisms :

4= Hom .4 (A®zA, A)=Hom 4.4 (Homy (4, A), A)DHom g, (K, A)
= A(—DHOHIA@CA (K, A) .

By tracing these isomorphisms through, one checks that the composite is the
identity map on 4. Hence

HomA®CA (K, A) - HomA,A (K, A) = (O) .
(3=>(2) Writing ARA=KPM, MPB=A", we get an A, A-map
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from AXgzA into A" by projecting AQrA onto M and injecting M into
A" Let 1®1—»ue M, u—~(d)=A”. Note that 1Qr=rX]1, all 7R, implies
d;=4d, each i. Let ¢;=A"™ be the element whose ith coordinate is 1€ A
and whose other coordinates are zero. Let m;+ b;—e¢; under the isomorphism
M®B—A". Then Y.d;m;+d;bj—~(d). Thus u— Y dym;— Y, d;b;—0 in A"
It follows that u— },d;m;=0 in M, and 2,d;b;=0 in B.

Under the projection A"—M, e;~>m;; so ae;=ear>am;=m;a, all ac A.

Thus m;e(ARRA)4, all &. Write m;,= Za,j®b1jEA®RA Then 1X1 —u
€K, and 1®1—u=1X1— Zd mt—1®1——Zd a,,j®bw

NowK— A®RA2>Homg (4, A)— Ar, and the first and third maps are
injective. Since Homy, 4 (K, A)=(0), we must have KCker(g¢). Therefore
0=¢(1X1—u)=¢(1X1)— (Zd a;;X)b;;). This says d= Za’ a;;db;;, all ded.

(2)=(1)) Note that Zaw®bwe(A®RA) implies Za”dbwec for all
¢ and all ded. Let ﬁEHomg(d, C) be defined by ﬁ( )—;aijdbij, ded,
for each . Then d=3.d.,fi(d), all d€4. 1t is well-known that this implies

de is finitely generated and projective.

Define ¢: Homg (4, A)» AR A by f>2, f(d) a;;Qb;;. For all acA,
o

9laf) = 2, af(d) ai;Qbi; = ag(f), and
¢(fa) = Z fa)(d )%@%—Zf (i) aa;;Qbi;
——Zf( i) @1/ Qbija = ¢ (f)a-
Hence ¢ is an A, A-map. Furthermore,
¢o(f)(d)= 2.f(d) aiydbi; =2, diai;dbi) =fld),

since ) a;;db;;EC, all i. Hence ¢o¢ is the identity map on Homg (4, A);
7 .

i.e. ¢ splits the exact sequence A@RAiHomg (4, A)—(0). It follows that
A is strongly separable over R, and the Theorem is proved.

We are indebted to K. Sugano for an example of a separable ring
extension that is not strongly separable. The following example is a variant
of the one which he provided.

ExaMpLE 3.6. Let G={e, 4, £%, a three element group, and let K
be the Galois field with three elements. Let S=KG, the group algebra of
G over K. For s=ae+bp+ci*cS, define s=ae+bs*+cp. The map s—>3
is an automorphism of .
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Let A be the 2X2 matrix ring over S, R= {[ ]]sES}CA and T=

{ale+ £+ £Y]ac K} CS. Since S is commutative, the center C of A is C=

l[ ]lsESl It is straightforward to verify that the centralizer 4 of R
t

in Ais 4= l[t 1] Is,, s, ¢, tzeT}. Let o=e+4 4+ 4*=S. As C-module,
2 3

0 0
C [0 :)] is a direct summand of 4. Thus if 4, were projective, C [0 ;]

would be also, and S¢ would be projective as S-module. That this is not
the case is seen as follows.

Let ¢: S—8o, s—>sg, a surjective map of S-modules. If So is projective,
there is a splitting mapz. If (s)=u, S=ker ()PSu. Then e(ou)=0e(u)=
oet(0) =0®. But 6?=0. So sucker (¢ Su=(0); ou=0. Then ucker (¢)N.Su;
i.e. =0, a contradiction.

Since 4y is not projective, A is not strongly separable over R. How-

A bl R. The element [1 0]@[1' 0]+ oo ® 0
over . € elemen
ever 1S separable € 00 00 10 0 0

is in the A-center of ARzA and is mapped to the unity element of A by
r: ARQrA—A.

We now return to our general setting where R is a subring of A, 4
is the centralizer of R in A and ¢: AQrA—Hom¢ (4, A). The proof of

the following Lemma is straightforward and is omitted.

LEmMMA 3.7. Let K=ker(¢) and S={scA|sQQl—1XscK}. Then S

and 4 are centralizers of each other in A.

With S as defined in the Lemma we have

ProrosiTION 3.8. If A is strongly separable over R then A is strongly

separable over S. If S is separable over R then S is strongly separable
over R.

ProoF. Since AS=4, and 4 is finitely generated and projective by
hypothesis, to prove the first statement we need only show that the map ¢ :
A®sA—Hom (4, A) splits. Let ¢ be the spliting map of ¢: ARA—
Hom, (4, A), and let f: ARrA—AR)sA be the natural map defined because
RCS. Then fod is a splitting map for ¢.

Assume S is separable over R and let C' denote the center of .S. Then
C'=4NS, since AS=4. Furthermore, 4 =S2=C'". So 4, is trivially finitely
generated and projective. Also Homg (4, S)=.5; so the splitting of SR pS—
Homg (4, .S) is equivalent to the splitting of S&)zS—S—(0). '
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The following proposition is the analogue for strong separability of 1.5
of [12].

PrROPOSITION 3.9. If A is strongly separable over R, then each of the
following maps is a split monomorphism :

(i) 4XcA—Hom (zA, rA), dRa—[xr>dxd],

(ii) AXRed—Hom (Ag, Ar), aRd—[x—axd],

(i) ARed—Homy (A, A), dRdy—[x—>d;xdy].

Proor. (i) Using Lemma 3.4 we obtain 4X).A=Hom (,Hom (4 A),
+A). Since A is strongly separable, AXRzA=KPHom. (4, A). Applying

these isomorphisms and the Adjoint Functor Theorem, we have
Hom (A, zA) = Hom (RA, rHom (44, 4A)) = Hom (A(A®RA), A=
Hom (K, +A)®Hom (,Hom, (4, A), ,A) =

T
Hom (A s AA)@A@QA—-’A®CA ,

where the last map = is the projection map arising from the direct sum
decomposition. Tracing through these maps one checks that the composite
is a splitting map for the map in (i).

(ii) The proof is similar to the proof of (i).

(i) In the proof of part (i) above the isomorphism of Hom (rA, rA)
onto Hom ((AXzrA), +,A) maps Hom (zAg, zAz) onto Hom ((AQrA)r, 4Ar).
So we have

Homp,z (A, A) = Hom (K, +Ar)@®Hom ((Home (4, A)z, +Az) .
Since 4=Hom (,Ag, 4Ar), we can apply Lemma 3.4 to obtain
AR od = Hom  z (A, A)Rcd = Hom, z (Homg (4, A), A).

This proves (iii).

ProposITION 3.10. Assume A is strongly separable over R, AQrA=
Homg (4, A@K. Then for every A, A-bimodule M, M®= AR M*PDHom 4
(K, M). In particular, (AQrA)R= AR (AR zA)*PHom 4 (K, ARQrA).

Proor. From Lemma 3.4 we have
AQoM* = J®oHom, 4 (A, M) = Hom,, . (Hom, (4, A), M). Then

M® = Hom 4 (AQrA, M) = Hom, , (Homg (4, A), M )®Hom, 4 (K, M)
= A®0MA®H0mA’A (K, M).
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4.  Automorphisms. If ¢ is an automorphism of a ring A we let A,
denote the A, A-bimodule such that as left A-module A, is just A, but where
the right module structure is “twisted” by ¢, x-a=xd(a) for x= A,, ac= A.

If R is a subring of A then A is a Galois extension of R if there is
a finite group G of automorphisms of A such that R A% and such that
there exists x;, ¥;, 1<i<n, for which

| ._JO if 6#£1
?xla(yl)_ ll if o=1.

If G is a finite group of R-automorphisms of A there is an A, A-bimodule
map h: AXrA— AG, defined by aQb—»Z ascb=> ac(bljs. Here, AG is the

e

twisted” group algebra of G over A. It can be shown that if R=A¢ then
A is a Galois extension of R if and only if A is an isomorphism.
The twisted group algebra AG is a direct sum ), P Ao, and, for each

€G

o, Ao 1s A, A-bimodule isomorphic to A, Thus when A is a Galois
extension of R with Galois group G, AXzA=} PA,. This motivates the

€@
following definition.

DEerFINITION 4.1. A is a pseudo-Galois extension of R if there is a finite
set .5 of R-automorphisms of A and a positive integer n such that ARzA

is isomorphic to a direct summand of ) A,
oS

If in Definition 4.1 S={1}, then the condition is that ARrA is iso-
morphic to a direct summand of A" for some positive integer n. This is
just the condition that A be H-separable over R. Thus H-separable ex-
tensions and Galois extensions are pseudo-Galois.

In Definition 4.1 we will assume that A,22A., if ¢#7, g, 7ES.

Assume that ¢ and 7 are automorphisms of a ring A and let p: A,—A,
be an A, A-bimodule map. Let p(1)=zx. Then, for each a€ A,

o(a) z =o(a) p(1) = po(a@) = p(l+a) = p(1)+a = z=(a) .

Conversely, if x& A such that ¢(a) x=xr(a) for all a= A, there is a unique
bimodule map p: A,— A, such that y(1)=z. The map pg is an isomorphism
if and only if x is a unit in A, and in this case 7¢~! is an inner automor-
phism of A. Conversely, if r67(a)=x'ax, for some unit x in A then
o(a) x=zrt(a) and there is a unique isomorphism g: A,—A, such that p(l)=z.
Let

J..={z€Alo(a) x=1z1(a), all ac A}.
Then J,. is a C-module and J,.=Hom, 4(A4,, A,); A,=A, if and only if
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or™! is an inner automorphism of A. We will denote J,, by J,. Then
Ja,r:Jvr—l'

In part of what follows we will assume that any nonzero A, A-bimodule
map from A, to A, is an automorphism. This condition holds, for example,
if A is a simple ring.

ProposiTION 4.2. Let A be a pseudo-Galois extension of R, and assume
that if o, t€Auty (A) that any nonzero bimodule map from A, to A, is an
tsomorphism. Then

(i) Homg (4, A,) is isomorphic to a direct summand of A, each ¢ES.

(ii) If I is the group of inner R-automorphisms of A then S contains
exactly one element from each coset of I in Autg(A).

(i) AQRrA= Y @PHom, (4, A,).
€S
Proor. Let }PA=ARAPB. Then

a€S

Hom, 4(AQrA, AAPHom, 4(B, A) = Homy, (> PA" A);

LN

i.e. APB =Y P Hom, ,(A>? A). There must exist ¢y, such that Hom, 4
aeS

(A,, A)#(0). Hence A, =A, and Hom,,(A,", A)=C". For ¢#0,, Hom, 4
(4,, A)=(0) ; hence 4PB =C".

Let reAutz(A). Then A.»=Hom(C", A,)=Hom (4, A.)@PHom. (B, A,).
Define ¢.: AXrA—Hom (4, A,) by ¢.(aXb)=[d—>adr(b)]. Then ¢, is an
A, A-map, where Homg (4, A,) is an A, A-bimodule via the action on A..
We then have a sequence of bimodule maps

o (—DA,"—>A®RA—¢LHomC 4, A)— A",

acS
whose composition is nonzero. Hence there exists ¢ &5 such that A, =A..
Then .S contains exactly one element from each coset of I in Autg(A).
Let 4 denote the split injective mapping of AQrA to ), PA,” assumed

€S
to exist because A is a psuedo-Galois extension of R, and let 4 denote the

splitting map. Foe each 7.5 let u,, v.€ ARrA be chosen so that 4(1X)1)
=u.+v. where «'.€A» and v.€),PA" and such that w,=4'(«.) and

v,.=A'(v/). Since Hom¢ (4, A,) is isgr;lorphic to a sub-bimodule of A" we
must have ¢.(v,)=0. Thus ¢.(1X1)=¢.(u.).

For 1<i<n let e¢; denote the element of A.,* whose ¢** coordinate is 1

and whose j* coordinate is 0, j#i¢, 1<j<n. Then «'.=} d;e;, d;cA. For
i=1

each 7ER, rX1=1Xr; so Z“_‘rdiei:idirei. Thus rd;=d;r, 1<i<n. It
i=1 iz1
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follows that d;=4, each . :
Let £ (e)= Z a;;QRb;; € AR rA, 1<i<n. Note that r(a) e;—e;+a implies

that ( )Z a”®b” Z‘a”®b” a, all ac A. Mapping with ¢, we obtain

t(a) ) a;;de(by;) = 3, a;;de (b)) t(a), all ac A, de4d.
J

Thus ;a“df(bﬁ)EC, all de4. Now ¢,(1®1)=¢,(u,)=¢,(§ di;a;;Q b;;).
Hence d=3} d;a;;dz(b;)), all de4.

Let us now define ¢, : Homg (4, A)—>AR3zA by ¢.(f)= % Aid) 0/ @b
¢. is clearly a left A-module map. If ac A, then

¢.(fa) = Z (fa) (d) a:jQbi; = Zf (d) 7(a) a;;bs;
= Zf( ) a:;;Qbija=¢ <f) a.

Hence ¢. is a bimodule map.
We now show that ¢. splits ¢. Since ] a;;dr(b;)eC, 1<i<n; for
J

each feHom, (4, A,) we have
L) aiyde(bi) =f (5 diawsde(bi) =f(d)

Then ¢@.0¢, is the identity map on Hom (4, A,). Also, it is straightforward
that ¢.0¢.(u,)=u.. Since ﬁ(l@l):Zu’,, we have 1Q1= Y u.= ) ¢.0¢.(u.)
=2.¢.06.(1X1); and thus ) ¢.0¢, is the identity map on ARgrA. There-
fore ARzA= Z@Homg 4, A,).

CorROLLARY 4.3. Let A be a pseudo-Galois extension of R, and assume
for each o, r€Autg(A) that any nonzero bimodule map from A, to A, is
an isomorphism. Then A is strongly separable over R.

Proor. Assume ARrA=> PHom¢(4, A,). Let K= @PHom (4, A,),
a€S a¥#l
and apply eorem 3. 5.

We have seen that H-separable extensions are pseudo-Galois. There
appears to be no general relationship between strongly separable extensions
and pseudo-Glaois extensions. The following proposition for strongly sepa-
rable extensions has a conclusion similar to, but weaker than, that of Proposi-
tion 4. 2.

Recall that for each R-automorphism ¢ of A, ¢,: ARQrzA—Hom, (4, A,)
is defined by ¢,(a®)b)=[d~>ada(b)]. Also, let I denote the subgroup of inner

automorphisms in Autz (A).
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PROPOSITION 4.4. Let A be a strongly separable extension of R. Then
for each R-automorphism ¢ of A the map ¢, is a split epimorphism. Assume
Sfurther that I is of finite index in Autgp(A) and that if ¢ and t are R-
automorphisms of A then any nonzero bimodule map from A, to A, is an
isomorphism. Then there exists a set S of R-automorphisms of A containing
exactly one element from each coset of I in Autg(A) such that ), @PHomg

€S
(4, A,) s isomorphic to a direct summand of ARrA.

Proor. As in the proof of [Theorem 3.5, we can find elements d; &4,
a;j, b;;E A such that for each de4, d= Zd a;;db;;, and such that Z a;;Xb;;

(AR rA)4 and Za”db,,,EC each 1. We define ¢,: Hom (4, A, —>A®RA
by ¢,(f)= Z'f( )a”®0"1( bij). ¢, is clearly a map of left A-modules.

We note that 1X0! is a well-defined map of abelian groups from
AXrA to ARrA. Since, for each ac A,

2 0(a) aijQbi; = 3 a;;Qb;;0(a), we can apply 1X)s™! to obtain
- -

;0( a) a;;Rae"(b;;) = };aij®a‘1(bij) a, each 7.

We now show that ¢, is a right A-module map. For each a€ A, fe
Hom, (4, A,),
$o(fa) = Z;‘ fa)(dy) a;i Qo™ (biy) = lZ]:f(dz) a(a) a;; Ko7 (byj)

= 2. f(di) a;; Qa7 (byj) a=¢.(f) a.
Next we show that ¢, splits ¢,. For each f&Hom (4, A,),

B0 (f) (d) = LA(d) ausdo (07 (b)) = L f(d) auydbi
:f(§diaijdbij>: (d) .

o

-,
.

Now, assume that if ¢ and r are R-automorphisms of A then any
nonzero bimodule map from A¢ to Ar is an isomorphism.

For each = Auty (A) we write AQrA=K,@L, where L,=Hom (4, A,).
Since 4 is finitely generated and projective, L, is isomorphic to a direct
summand of A, some positive integer n. If ¢, r€Autz(A) and A,3%A,
then there is no nonzero bimodule map from A, to A,; hence L.CK,.

Let .S be a subset of Auty(A) containing exactly one element from each

coset of I, and let K= K,. Then ARrA= ZOL @K'. This completes
oeS
the proof of the Proposition.
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We now drop the hypothesis that for ¢, r&Autz(A), any nonzero
bimodule map from A, to A, is an isomorphism. Recall that for s&Autz (A),
J,={x€ A| ax=x0(a), for all ac A}. J,is a C-module and Hom, (A, A))=
J, under the map fi>f(1).

Hirata has shown that if A is an H-separable extension of R then
J, is finitely generated and projective of rank 1, and is free if and only if ¢
is an inner automorphism. In the following we generalize to strongly sepa-
rable extensions.

We assume throughout the rest of this section that A has no nontrivial
central idempotents.

PrROPOSITION 4.5. Assume A is strongly separable over R; i.e. (0)—
K—AR®rA—Hom, (4, A)—(0) is a split exact sequence. Then J,#(0) if and
only if Hom, 4(K, A)=(0). In this case J, is finitely generated and projec-
tive of rank 1.

Proor. From Lemma 3.4,
Hom, 4 (Homg (4, A), A,)=4QcHom, 4 (A, A)=4Q¢J,. Hence

4= Hom, 4(AQzrA, A) = Hom, 4 (Hom (4, A), A,)DHom, 4 (K, A)
= 4R eJ,PHom, 4 (K, A,) .

From this we see first that J,=(0) implies Hom, 4 (K, A,)#(0). Next since
C is a direct summand of 4, we conclude from the above that J, is a direct
summand of 4. So J, is finitely generated and projective. Finally let t=rank
(J), n=rank(4). Then, from the above, we have n=n+t+4rank (Hom,,
(K, A,). If J,#(0), we must have t=1 and Hom, 4(K, A,)=(0). This com-
pletes the proof.

Let s=Autz(A). Then 6=1K0: ARzA—AXzrA is an automorphism
of A as left A-module, but is not a bimodule map in general. However, if
M is a sub-bimodule of AX)zA then (M) is again a sub-bimodule.

Now assume A is a strongly separable extension of R. For each o=
Autp(4), ARrA=K®@PL, where L, =Hom((4, A,) and K,=ker(4,). Let
L=L,.

LeMMA 4.6. Assume A is a strongly separable extension of R, and let
c=Autg(A). If Hom, ,(A, A)#(0), then Hom, (A, A)#(0); so J,#(0)
implies J,-1#(0). Further, HomAA(A,,, A)#(0) implies K=K,,, L=L,.

Proor. If Hom,, (A, A,)+#(0 ) then Hom, , (K, A,)=(0), by [Proposition]

4.5. Hence the projection of K to L, arising from the dlrect sum decompo-
sition ARzA=K,@PL, must be the zero map, since L, is isomorphic to a
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direct summand of A,”, for some positive integer n. Thus KCK, The
projection of L, to L arising from the direct sum decomposition AX)rA=
K®L must be nonzero. Since L is isomorphic to a direct summand of A™,
for some positive integer m, this gives rise to a nonzero bimodule map from
A, to A. Thus J,-+=Hom, ,(A,, A)#(0). The argument showing KCK,
can now be used to show K,CK, giving K=K,. Thus AQzA=KPL=K,
@L,=K®L, from which it follows that L=L,.

PrOPOSITION 4.7. Let A be a strongly separable extension of R and
let s Autg (A) such that J,#(0). Then J,~++#(0) and J,-=J *=Hom,(J,, C).

Proor. Let B8: L—L, be an isomorphism, guaranteed by the Lemma,
and let a=p"1 Since C is isomorphic to a direct summand of 4, A is
isomorphic to a direct summand of Hom, (4, A)= L. Hence there exist maps
r: A—L and 6: L—A such that doy=1, L, is isomorphic to a direct
summand of A,”, some positive integer n; so there exist maps f;: L, —A,,
g;: A,—L, 1<{<n, such that 2 9:ofi=1y,

Let fi=f:fr: A—A,, §;=dog;: A,—A. Then ZgioﬂZIA. Thus the
map '

Ja—l®0']d = HomA,A (Aﬂ’ A)@CHomA,A (A’ Aa)-——_)HOmA,A (A) A) = C)
defined by 9&)f—>gof, for g=Hom, 4(A,, A) and f&Hom, 4,(A, A,), is surjec-

tive. It follows that J,-.=J*. This completes the proof.
We summarize the above as follows. Let

G ={ocAut, (A)|J. #(0)} = {s€ Autg (4)

Then G is a subgroup of Autp(A). If 6, r€Autz(A) then Hom, 4, (A,, A)=
Hom, ,(A, A.,~)#(0) if and only if ¢ and r are in the same right coset
modulo G.

K,:K}.
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