2014 ESI SUMMER SCHOOL
MATHEMATICAL RELATIVITY: 99 YEARS OF GENERAL RELATIVITY
PROBLEMS FROM CONSTRAINT EQUATIONS MINI-COURSE

BASIC FACTS AND CONVENTIONS

e We use the Einstein summation convention: sum over a pair of upper and lower repeated indices.
e A comma in a subscript denotes partial differentiation, whereas a semicolon in a subscript denotes
covariant differentiation. For example, if h is a (1, 2)-tensor with components in a coordinate chart
hijk, then the covariant derivative Vh is a (1, 3)-tensor with components
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e The Christoffel symbols for the connection compatible with a metric g (Riemannian or pseudo-
Riemannian) are given by the rule (where gwggj = 5%)

= (V. h) (dw ) = N0+ Dol h — Thihon — Ligh’s,.

hjk;f = Vh<d.’13 o7 ) @7 W
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TS = 59" (9mji + Gim.j = Gijm)-

e In normal coordinates (%) about a point p € M, we have gijk(p) = 0 for all 4, j and k, so that

at p, T (p) = 0 and g (p) = (~¢"gem kg™ ) (p) = 0.
e Our convention for the Riemann curvature tensor is as follows:

R(X,Y,Z)=VxVyZ -VyVxZ -V xy|Z
o o0 0 ; 0
R (ax pro w) = Hijr 0
Rijke = gme R
e In our convention the Ricci tensor is then given by
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N
RZQ = Ric (axz, aﬂ) = R&]

e The scalar curvature is R(g) = ¢ R;;. The Einstein tensor is G = G(g) = Ric(g) — $R(g)g.
e Let gg be the Euclidean metric on R", with Cartesian coordinates = = (z!,...,2") so that

Ric(X,Y) = dz'(R(

n
gr = d;jdx'dx?, and let |z| = [ Y (29)2. If r = |z|, gr = dr? +71% ggn—1, where ggn—1 is the standard
i=1
round unit metric on the sphere S*~!. We recall the notation gg2 = dQ? = d¢? + sin?(¢) d§?. Note
that the angle convention is the mathematics convention, as opposed to the physics convention,
e If g is a Lorentzian or Riemannian metric on & = I x M, we let ¢ be a global coordinate
for I, and suppose in the Lorentzian case that % is everywhere time-like, so that in any case,
each slice M; = {t} x M is Riemannian, with induced metric g(¢). Let X be the orthogonal
projection of % onto the tangent space of M; at each (¢,p). Then for each Y tangent to M,
<%, Y) = (X,Y). If n is a unit normal field in the direction of %, then there is a function N > 0
so that % = Nn + X. Thus g(%,%) = (n,n)N?% + |X|§. Then in local coordinates x¢ for M,
g = (n,n)N2dt* + g;;(dz’ + XIdt) ® (dz? + X7 dt).



PROBLEMS.
I. MAINARDI AND ADM EQUATIONS AND APPLICATIONS

1. Let S = I x R3, with § = —dt? + (a(t))?ggua. On the slices {t} x R3, g(t) = (a(t))?gRruc, and
n = % is a global unit normal field along the slices. Let a zero index denote the %—component
direction.

a. Use the ADM equations to compute the second fundamental form K, as well as the components
of Ric(g) in directions tangent to the slices.

b. Use the relation between g and K and G,o discovered when we proved the constraint equations
to compute G0, and hence G, .

2. Consider S =1 x M and § = (n,n)N?dt? + g;;(dx’ + X'dt) @ (da’ + X7 dt), as above.

a. For a vector field Y tangent to the slices My, show that [n,Y] = (n[Y] + N_IY[Xi])% +
N~'Y[N]n.

b. Let S(X,Y) = (Vxn,Y) = —(VxY,n) = —K(X,Y). We recall VxY = VxY + K(X,Y)n, and
that S = —(n,n)K. The equation 0;g;; = 2nS;; + (Lxg)i; holds as in lecture. Recall that if T" is a
(0,2)-tensor, then TZ% = ik.nggM.

Prove the Mainardi equation: for Y and Z vector fields tangent to the slices My,

(R(Y,n,n),Z) = —(Va.S)(Y, Z) — S*(Y, Z) — (n,n)N 'Hess,N(Y, Z).

c. Suppose v is a smooth unit normal field to a hypersurface & C (5, h), and that Sp(X) =
(Vxv), € T,X is the corresponding shape operator, the (1,1)-tensor associated to the second fun-
damental form S of ¥. For each p in %, let 7p be the geodesic with v,(0) = v(p). We note that
given coordinates 2’ = (z',...,2""!) for the hypersurface ¥, we let (z',...,2") = Yy (a™) =
expy(,7)(z"v) € M. It's not hard to show that this map gives local coordinates for M, and that

along 3, 8@% =v.

Prove the Riccati equation V,S + S? = —R(-,v,v), where (V,8)(X) = V,(S(X)) — S(V,X).

d. Recall that the mean curvature vector field H along ¥ is independent of (local) orientation, and

is given as the normal vector H = trs(II). Note that (H,n) = —trx(S). Consider now a variation
F : IxX¥ — M given by %—f‘(t 0= v(t,p), where v(t, p) is a unit normal to the surface ¥; = F (¢, %).
Show that the variation in the mean curvature is given by 9 (trs(S)) = —||A||*> — Ric(v, v), where

K(X,Y) =g(X,-Vxv) =g(VxY,v) is the second fundamental form of ¥. Let A(t) = Area(X;).
Compute A'(t), and assuming A’(0) = 0, compute A”(0).

II. LINEARIZATION OF THE SCALAR CURVATURE MAP AND STATIC POTENTIALS.
3. Let R(g) = g” R;; be the scalar curvature of a metric (not necessarily Riemannian). Consider

a variation g(e) = g + eh of g in the direction of a symmetric (0, 2)-tensor field h (more generally,
note that all you will use is that g(e) is a metric smooth in ¢, with g(0) = g and ¢'(0) = h).



Assume that for small |e[, g(€) is a metric, as would be the case for h compactly supported. Define
Ly(h) := DRy(h) = £|  R(g(e)).

a. Derive the scalar curvature formula

R(g) = g Ri; = g" <Ffjk —Th  + TRy — Ffe%) :
b. Verify that the difference S(X,Y) := VxY — VxY defines a vector-valued (0,2)-tensor (i.e.

a (1,2) tensor S(6, X,Y) = 0(S(X,Y))). Thus Ffj =4 OFfj form the components ((5I‘)fj of a
€=

(1,2)-tensor (6T'). Argue that I‘fj = %gkm(hmj;i + him:j — hijm), where the covariant derivative is
taken with respect to g(0). (Hint: use g(0)-normal coordinates at p.)

c. Use the preceding part to aid in verifying the identities %’ ORij = ((5F)Zk — (5F)fk_j, and then
€= b 9,

Ly(h) = —Ag4(trg(h)) + divg(divg(h)) — (h, Ric(g))g

where the inner product of two (0, 2)-tensors S and T is given by (S,T) = Sikaggikgﬂ , for example
try(S) = (9, 5).

d. Suppose that (M, g, = 0) solves the time-symmetric vacuum constraints ®(g,7) = 0, where
®(g,m) = (R(g) — [I=||Z + (try(m))?, divy(m)). Here 7/ is a (2,0)-tensor, whose divergence defines
a vector field.

Find D®, 0)(h,0), where h is a symmetric (0,2) tensor and o is a symmetric (2,0) tensor,
each of compact support, and then find D(I)?g,o)(NvX) by integration by parts. Since m = 0, the
linearization simplifies dramatically from the general case. Compare your answer to that derived
in class. If you want to try your hand at the general case, find a Starbucks and see if they serve a
coffee larger than a Venti (sometimes they have a Trental).

4. Suppose (M, g) is Riemannian.

a. Suppose that L;N = 0, and that ~ is a unit-speed geodesic in (M",g). Let h(t) = N(y(t)).
Prove that h(t) satisfies a second-order linear ODE. What does this say about the dimension of the
kernel of Lg?

b. Suppose that LN = 0, but that f is not identically zero. Show that ¥ = N~10) is a reg-
ular hypersurface, which is totally geodesic (zero second fundamental form). Hint: If p € ¥ and
dN, = 0, what does part a. have to say about things?

c. Suppose that (M", g) is a closed manifold with negative scalar curvature. Find the kernel of Ly.

d. Consider the metric g = (n —2) " 1gg1 @ ggn—1 on S x S"~1. Show that N(t,w) = sint is a static
potential for g.

e. Does every Ricci-flat metric have a static potential? What can you say in case a metric (M, g)
on a closed manifold with zero scalar curvature has a static potential?

f. Let N : M — R be a smooth function. Define the Lorentzian metric § = —N2dt?> @ ¢g on the
space S = I x {p € M : f(p) # 0}. Prove that for X,Y tangent to M at p with N(p) # 0, we have



Ric(g)(X,Y) = Ric(g)(X,Y) — N )Hessg (p), Ric(9)(X, &) = 0, and Ric(9)(&, Z) = NAGN.

g. Conclude from part a. that a function N on M is a nontrivial element of the kernel of Ly if and
only if the metric g as above is an Einstein metric. (Note that in the preceding problem you said
something about the set {p € M : N(p) = 0} where the metric g may have issues.)

III. CONFORMAL CHANGES OF METRIC.

5. a. Suppose (M", g) is a Riemannian metric and § = e®g. Show that

R = ¢ (Rlg) = (0= 1)y = 40— D - D[TpL).

4
b. In case n > 3, if we write e¥ = un-2 for u > 0, then

R(G) = u n2 (R(g)u - 4((:__21))Agu> .

c. Suppose M is compact with empty boundary. Let ¢(n) = Zl - Let Lyu = Agu — ¢(n)R(g)u,

the conformal Laplacian. Show that the total scalar curvature of g = un—2g is given by
| R@ vy =) [ (90 + i)
HiNT: Show that dvg = w3 dvg.

6. Recall the conformal Killing operator L is related to the Lie derivative £ by the relationship
LW = Lwyg — %dingg.
a. Suppose (M, go) is three-dimensional. If ¢ > 0 on M and g = ¢*go, show that for any trace-free
symmetric (2, 0)-tensor Z%
(divg(¢™1°E))* = ¢~ 1(divg, E)"
and
(LgW)ab = ¢_4(L90W)ab-

Can you figure out what the analogous statements would be in higher dimensions?

b. Suppose (M, go) is three-dimensional, that ¢ > 0 on M and that g = ¢*go. If o is TT for go, let
Kt = ¢10(g¢d 4 (LgyW)?) + 2974 CdT Show the following:

_ 2
(90)9) — ¢~ Plo + Lo, W[, + 77

R(g) — K2+ (1, K)? = —80~*(8000— 5 :

8

2
(divy K — d(trg(K)))a = ¢ Odivy, (LggW)a — 37

7. a. Show directly (and in one line) that if h is symmetric with compact support, and if Ly h > 0,
then Ly h = 0.

b. Show by elementary methods that there exists an infinite-dimensional space of TT tensors on
(R3, gg) with compact support. Such tensors automatically satisfy Ly,h = 0.



c. (OPEN PROBLEM): If you can construct a non-trivial symmetric TT tensor h on R? with compact
support and so that |h|§E depends only on |z|, please let me know—a nice paper would come out
of it.

8. Recall the operator (Zg(X))ij = X + X — X’fkgij.

a. If v is a metric on M3, let g = u'y and m;; = uz(EV(X))ij for u > 0. Compute the constraints
map ®(g,7) = (R(g) — |7T|§ + (trgm)?, divym).

b. If v = gg, show that the vacuum constraints can be written, in a Cartesian coordinate system
for the background gg, as follows:

8Au = u( — ILX]?+ (tr(EX)) %)
AXi+4u*1u7j(LX)i = 2u 1u7¢tr(EX) =0

c. If the above equations in part b. hold on an asymptotic end, one can show that u and X
have partial expansions u(z) = 1 + |‘;¥| + O(|z|72), X¥(z) = |x| + O(|z|72), along with fall off for

derivatives. Show that m;; = —BlaliBlat | Z Bt 8i; + O(Jx|73), and that P’ = —%i is the ADM

|[? e

linear momentum.

d. (OPEN PROBLEM): Give some geometric framework for the operator Eg. What is the “best”
Ansatz for the asymptotic form of m;;?

4
IV. SCHWARZSCHILD GEOMETRY BASICS Recall the spatial Schwarzschild metric gg = (1 + %) JE,

defined on the manifold M given by M = R3\ {0} for m > 0, M = R? for m = 0, and
M={zeR?:|z|> -2} for m < 0.

9. a. We saw that R(gs) = 0. Find Ric(gs), which doesn’t vanish.

b. Show that

me 1671' TEI-FOO /lx—r Z (9s) (YK gS)zz])V do.

where the computation is done in the coordinates (z', 22, 23), and where v, is the Euclidean out-

ward unit normal, and do. is the Euclidean area measure (where (z°) are Cartesian coordinates for
the Euclidean metric).

c. When m < 0, A(r) = 0 as r — —()". Show that a radial geodesic from r = rg > —% to
r = —3 has finite length. Can the Schwarzschild metric with m < 0 be completed by addlng in a
p01nt7

d. Let gs be a Schwarzschild metric of non-zero mass m. Show that there is a one-dimensional
kernel for Lj_. Do this by showing first that for any function in the kernel, Hess 4 (f) = fRic(gs).
Write this out in coordinates for which gg = (1 — 22)~1dr? + r?(dy? + sin® p d¢?). Show that
Ogf =0 and O, f = 0, and then solve the remaining ODE for f.



e. Let m > 0. Find an isometric embedding of (M, gs) into Euclidean space E*, identified in
Cartesian coordinates (z,v, z, w) with (R*, d2? + dy? + d2? + dw?). It might be easiest to use the
other coordinates we introduced for the Schwarzschild metric: (1 — 2Tm)*ld'r2 + 1 gg2, v > 2m.
(This corresponds to “half” of (M, gg). The map you get will then extend by reflection to the other
“half.”) For w € S?, look for an embedding of the form z = rw + (rw,&(r)) € R*. Explain how
this justifies the picture we’ve drawn of the Schwarzschild spatial slice.

f. When m < 0 the argument breaks in part e. down. Instead, look for an isometric embedding
into Minkowski space M*, which is identified with R* with the metric dz? + dy? + dz? — dw?.

10. Let V be the connection on (M, gs), and for vector fields X and Y tangent to a surface ¥ C M,
let I(X,Y) = (VxY)No' and let H = trs (1)

a. For m > 0, show that r — ’Z—: induces an isometry of gg which fixes ¥o = {r = 3 }.
b. For m > 0, show that ¥ is totally geodesic in M. Express m in terms of the area of .

c. Find the area A(r) of S, = {x : |z| = r} of S, in the metric gg. For m > 0, show that A(r) has

a global minimum at r = 4.

d. Fix r and find the second fundamental form and the mean curvature vector H of S, = {z : |z| =
r} in the metric gg.

e. Compare A'(r) to [ H-X do, where X = 8 and do is the area measure induced by gg.
Sr

f. The Hawking mass of a surface ¥ is given by

2
167r 1677/H do

Find mg(S,).
V. MASS AND CENTER OF MASS.

11. Suppose (R3\ B,,(0), g) is harmonically flat: g =ut gE, R(g) =0,i.e. Agyu =0, withu(z) =1

as |x| — 4+00. We saw the expansion u(z) = 1+

m + |x|3 + O(|z|~3) via spherical harmonics.
a. Let y =z + ¢, for c € R™. For |y — ¢| > ro, find the asymptotic expansion of u as a function of

y. Show that there is a chose of ¢ € R? for which u(y) =1+ ‘y| +O(|y|?).

b. Compute hrf / zF § (9ij,i — 9iij) I/Z dA, where yg = L”Tj. (Warning: this gives the center
o0
|x|=r i,5=1

of mass, but the flux integral isn’t the right form for more general asymptotically flat metrics.)

c. For ri > ro, express [ zk 3 (9ij,i7 — 9ii,j;) dx as a difference of two flux integrals, plus
ri<|z|<r ,7=1
an “error term”—be careful—why is it an “error term”? More generally, for g asymptotically flat,



with R(g) € L'(M, g), what additional condition might you impose on g to show that this term is
of smaller magnitude than the flux integrals?

12. Assume that h is a (smooth) transverse-traceless tensor at the Euclidean metric on R3. Let’s
use Cartesian coordinates z, so that covariant derivative Components are computed via partial
derivatives (the Christoffel symbols vanish). So 0 = try,h = Z hi;, and 0 = (divg,h); = E hij ;-

Now, assume that h has compact support. Let v, = gE+eh and for |e| sufficiently small, let u6 >0
be the associated conformal factor so that with g = u?y., R(g.) = 0, and u, tends to 1 at infinity.

Near infinity each u, is harmonic, and as such has an asymptotic expansion ue = 1+ Tg‘(x) +0(|z|7?).

a. Show that 16mm(e) = — [ R(7e)ue dug, -
R3
b. Show that m/(0) = 0 and that 167m”(0) = 3 [ |V, h|? dz.
R3



